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De Facto and De Jure Dependence

Paul Schollmeier

Abstract

A prominent philosopher of science finds inspiration in Plato for a new
theory of causal dependence, which he calls “de facto dependence”. He
reminds us that Socrates distinguishes between a cause and that without
which a cause would not be a cause, and he argues that the that without
which, to use a shorter locution, is a cause maker. I wish to argue that the
that without which enables us only to distinguish causal dependence of two
kinds, which I call “de facto dependence” and “de jure dependence.” With an
application of Mill's methods, I nonetheless show that there are de facto and
de jure cause makers, and that de facto cause makers can be of two kinds.

1. Introduction

Analytic philosophy is no longer as chauvinistic or isolationist as it once was!
A prominent philosopher of science now takes inspiration from Plato for a
new theory of causal dependence, which he calls “de facto dependence.”’
Unfortunately, this new theory, despite its initial persuasiveness and obvious
sophistication, runs counter to some ordinary intuitions of ours, less
sophisticated perhaps but equally persuasive.” I wish to suggest with the
present essay that the inspiration is well taken, but that the theory in question
overlooks a crucial distinction about causal dependence. Causal dependence,
we shall see, is of two varieties. These varieties 1 hereby dub “de facto
dependence” and “de jure dependence.”

I wish to argue, more specifically, that Plato has indeed hit upon an
important fact about causality, but that this fact is not what one might initially
think it to be. Socrates in the Phaedo famously distinguishes on the last day
of his ill-fated career between a cause and that without which a cause would

! Yablo (2002), where he broaches the topic; and Yablo (2004), where he expands on the topic.
% Francis Longworth offers numerous counterexamples. See Longworth (2005).
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not be a cause.” The that without which, to use a shorter locution not
uncommon in the Greek, cannot be a cause maker de facto or de jure in any
usual sense. The that without which enables us only to distinguish de facto
from de jure dependence.* But with an application of Mill's methods, I shall
show that there are de facto and de jure cause makers, and that de facto cause
makers can be either of two kinds. These two kinds, I would urge, we must
take care not to confuse with the that without which and not to conflate with
each other.

2. The That Without Which

Let us begin our analysis with a closer look at the passage in the Phaedo. 1
intend to use the passage to explicate, albeit briefly, Plato's concept of
causality and to show how his concept, despite its antiquity, can shed a new
and interesting light on the modern concept of causality, which we are more
accustomed to employ. I shall then be able to advance our understanding of
causal dependence, both de facto and de jure.

We might best see how Socrates conceives of a cause if we consider an
example that he himself uses to explain what a cause is. The primary
example that he offers is his own action, or rather his inaction, in his prison
cell on the day of his execution. He introduces the very distinction between a
cause and that without which to explain why he does not make an attempt to
escape from his cell but chooses instead to remain on death row and to accept
his fate.’

To explain why he remains, Socrates distinguishes true causes from
causes apparently false. The true causes of his remaining in his cell are, he
informs us, that the Athenians believe to condemn him to be better, and that
he believes to accept their condemnation to be better.’ The false cause of his
staying is his body with its bones and sinews and its muscles and skin. With
their contractions and extensions, his sinews might, he concedes, seem to
bring about his posture of sitting on his bed with his legs hanging down.’

* Plato (1914b, p. 99b). For present purposes I assume no relevant philosophical differences
between Plato and Socrates in the dialogues.

* Compare Yablo (2002, pp. 131-132); also Yablo (2004, pp. 119-120).

* Socrates offers a second example, which is his discussion of philosophy in his cell with his
friends (Phaedo 98d-e). But I omit it because it is amenable to the same analysis.

® Plato (1914b, p. 98e).

7 Plato (1914b, p. 98c-d).
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Socrates explains to his companions that one must distinguish what a
cause is from that without which a cause, presumably a true one, would not
be a cause.® The causes of doing what he does, he rather clearly implies, are
his understanding and his choice of what is best.” The that without which is
his body and its organs. He could not do what he does without his bones and
sinews, he admits. But, he argues, these organs cannot be the causes of his
actions. If they were, they would long ago have carried him off to Megara or
Boeotia because of their opinion of what is best. '’

What does he mean? We might perhaps best view the distinction between
a cause and the that without which as a distinction between form and matter,
to use more traditional terminology. After all, what Socrates chooses is a
form that, through his own efforts, he can impose on his body. His intention
is, before he acts on it, a form that his body can have, and his remaining
seated, after he acts, is a form that his body does have. His intention thus
becomes embodied or, one might say, enmattered. The that without which,
then, is the matter within which a form can come to exist. In this instance the
matter is a human body with its various organs. "’

I would point out, however, that a cause becomes fully a cause only if and
when it has its effect. True, a cause can be actual in one sense without
having an effect. It does exist. Socrates may formulate an intention and
choose to stay in his cell. But is a cause fully a cause if it has not had an
effect? I think not. A cause is more fully actual and actual in another sense
only if and when it brings about its effect. It then exists as a cause bona fide,
we might say. Socrates must not only choose to act on his intention but also
be able to act on it."?

Perhaps we might more obviously distinguish between a potential cause
and an actual cause. A potential cause, actual in the first sense, has not yet
had an effect, but an actual cause, actual in the second sense, has had an
effect. In other words, a potential cause has a that without which, but its
effect does not yet have a that without which. An actual cause and its actual

¥ Plato (1914b, p. 99b).

? Plato (1914b, p. 99a-b).

1 Plato (1914b, p. 98e-99a).

! Form and matter are relative terms, of course. Our body with its organs is also a form imposed
upon matter less organized, such as tissues of various kinds, and these tissues in turn are forms
for matter in other varieties, such as cells and their organelles, and so on down.

12 Philosophers have traditionally distinguished actuality in these two senses as first and second
actuality.
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effect both have a that without which. A cause and effect, when both are
actual, are, in other words, both enmattered.

I concede that Socrates presents a concept of causality that has fallen out
of favor and seems antiquated even to some Plato scholars. His concept is
what we would today call a teleological cause. Socrates explains that he
understands what is better in his unfortunate situation, and that he chooses to
act for what he takes to be better. The concept even appears anthropo-
morphic when applied to events other than human actions. His suggestion,
perhaps humorous, that his bones and sinews might have their own opinion
about what is best, would surely carry the implication that it is. "

A teleological cause we most often think of as an explanation for a
change in substance. That is, a teleology purports to explain why a thing
comes into existence and why it goes out of existence. Indeed, Socrates
relates that he read Anaxagoras with great eagerness because he had the
mistaken impression that Anaxagoras in his theory employed understanding
as a cause to explain the existence of all things.'* He in fact advances his
own concept of teleology, in part at least, to explain changes of this kind."’

But Socrates also uses his concept of a cause, though teleological, to
explain a change that is not a change of substance. His very example of
staying in his cell concerns a change of place or, more explicitly, motion and
rest. His understanding and his choice are, he asserts, the causes that explain
why he remains and accepts his execution. His understanding forms his
intention, and his intention is his end of staying and dying. His choice
obviously brings about his intended end.

That this ancient concept of causality is teleological is not particularly
relevant for our purposes, however. Especially when applied to motion and
rest, this teleological concept very much resembles our modern mechanical
concept. There is an antecedent or cause, and there is a consequent or effect.
The antecedent for Socrates is the choice to act on his intention to remain in
his cell and to accept a death penalty, and the consequent for him is to stay

* Wiggins agrees that the concept is teleological. He argues that Socrates uses understanding
and choice as a model to explain physical motion. See Wiggins (1986, esp. p. 10).

' Plato (1914b, p. 97b-98b).

'3 Plato (1914b, p. 95e-96a).



De Facto and De Jure Dependence

and ultimately to drink the hemlock. His choice keeps him where he is and
eventually results in his death, despite the efforts of his friends.'®

We might think of the antecedent merely as a vector. That is, we may
view the antecedent as a form that is potential and the consequent as a form
that is actual. Socrates’ example can serve once more. His belief that to stay
and to accept a death penalty is better, is a potential cause. His belief is
merely an intention or a concept only. But his choice to remain in his cell
and to die is a cause become actual when he stays and drinks the poison. His
concept of remaining and dying becomes enmattered in his body.

We might say, then, that Plato’s distinction between a cause and that
without which is a distinction between a form and its matter. A cause is
actual in one sense when it has a that without which. It has a potentiality that
is actual. But a cause cannot be actual in another sense unless and until its
effect also has a that without which. It then has a potentiality that is actual in
its effect.

3. Causality De Jure and De Facto

We are now prepared to distinguish de facto and de jure causation. To do so,
let us consider an example recurrent in the literature involving two characters
named Suzy and Billy. These characters are apparently juveniles with a
delinquent tendency. They like to break windows by throwing rocks at them.
To simplify for the moment, we shall consider only Suzy, who appears to
have a quicker arm than Billy. Though they both throw, she always throws
her rock slightly before he throws his.

What happens in the example? Simply put, Suzy picks up a rock and
throws it at a window. Her rock strikes the window, and the window breaks.
What is the cause of the broken window? The cause is obviously the thrown
rock.'” If the rock had not been thrown, the window would not have been
broken. What is the that without which? The that without which is both the

'® The consequent in this example is more obvious when we make the death penalty explicit,
because to stay in his cell is inaction, but to drink hemlock is action. But by extending it we
have also transformed our example from one of remaining at rest into one of destroying a
substance. By his action Socrates ceases to exist.

'7 Or, at least, the cause most proximate is the thrown rock. A dare, perhaps, the intention to
throw, a glance at the rock on the ground, or the rock in hand would be less proximate causes.
Similar analyses would apply to these more remote antecedents, but these analyses would
present needless complications for our purpose.
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rock and ultimately the window.'® If there were no window, the rock would
have ever remained a potential cause and would never have become an actual
cause. Why? Its effect would not have been embodied. The rock becomes
an actual cause only if and when the window breaks. "

I should point out that this example of breaking a window does exhibit an
undeniable, but inessential, difference from the example of staying in place.
In the present example the cause and the effect occur in different objects.
The rock is one thing, and the window another. The rock has its effect not on
itself but on the window. In the previous example the cause and effect occur
in the same object. They both are in the same person. Socrates chooses to
stay in his cell, and stay he does.

De jure causation is, I wish to contend, that an antecedent precedes a
consequent as a general law. A general law, familiar to all since childhood, is
that a rock, if thrown with sufficient accuracy, causes a broken window. This
law is admittedly not terribly general, not even as general as the laws of
physics found in high school textbooks. The antecedent of this law applies to
all throwable rocks of sufficient heft. These rocks would include Suzy’s rock
as well as Billy's. The consequent applies to all ordinary, frangible, windows
successfully thrown at. These windows would be all those broken.

De facto causation is that a given antecedent precedes a given consequent
as a particular fact. Suzy’s rock causes the broken window in question.
Billy’s rock, though thrown, does not. What is the difference between Suzy's
rock and Billy's rock? Suzy's rock has an effect that is enmattered. Its matter
is the that without which. Without an enmattered effect, Suzy's rock would
be only a potential cause de facto. But Suzy's rock is an actual cause de facto
as soon as its effect materializes. Billy's rock remains a de facto potential
cause.

We now see how de jure causation differs from de facto causation. De
jure causation is an abstract connection, which can be more or less general.
But causation de facto is a here-and-now connection, which can be only
particular. Consider a neoclassical example. A de jure causal relationship

'8 Again, the window is the most proximate that without which. A less proximate that without
which would be the glass pane or simply glass.

' Recall our distinction between first and second actuality. The rock, when thrown, is an actual
cause in the first sense, and it becomes an actual cause in the second sense when it breaks the
window.
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would be the law that bread nourishes human beings. That this loaf nourishes
me is a de facto causal relationship.

We might also note that a de jure connection can hold with unexceptional
necessity, at least as far as we presently know. It simply does not appear to
admit of a single exception. But a de jure connection can also hold with
probability, which can be greater or lesser. It appears to have exceptions,
which can be few or many.*’

A de facto causal connection can be only probable, however. But are not
some de jure connections necessary? you may ask. How can their de facto
counterparts be only probable? Any particular causal connection, I would
answer, can always encounter other particular causal connections. These
various connections can intervene, they can contravene, or they can subvene,
as we shall see.

4. Dependency De Jure and De Facto

But does our distinction between de facto and de jure causation enable us to
distinguish de facto from de jure causal dependence and eventually to explain
de facto dependence? 1 am about to argue that it does. As is de jure
causality, so is de jure dependence abstract and general. De jure dependence
is merely our conception of the necessity or the probability in a connection
between a cause and an effect. In other words, its cause and effect are not
actual because they have no that without which. The dependence of an effect
on its cause is not enmattered. The dependence is a general matter of fact, we
might say, which holds in our concept of it.

As is de facto causality, so, too, de facto dependence is particular and
concrete. De facto dependence is our perception of the necessity or the
probability in a given connection between a given cause and effect. In other
words, its cause and effect are actual because each does have a that without
which. The dependence of an effect on its cause is enmattered. The
dependence is a particular matter of fact, which holds in our percept of it.**

Consider the example of Suzy again. Thrown rocks are de jure causes of
broken windows. Broken windows depend de jure on thrown rocks, though

2 Compare, e.g., Hume (1975, pp. 32-34). In this passage Hume is concerned to show that this
very distinction gives rise to the problem of induction.

! See, e.g., Hume (1975, pp. 57-59).

2 The distinction between general and particular matters of fact I borrow from Hume. He uses it
to differentiate the moral sciences. See Hume (1975, pp. 164-165).
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not on this cause alone.” But de jure dependence does not tell us whether a
de facto cause exists or whether a de facto effect exists. True, a thrown rock
can break a window. But did anyone throw a rock? Was any window
struck? We have no way of knowing de jure.

But Suzy's rock at a given time and place is the de facto cause of a broken
window at a given time and place. This broken window de facto depends on
her thrown rock. If she had not thrown her rock then and there, Suzy would
not have broken this window when and where she did.**

I would now compare this concept of de facto dependence with the
concept recently presented in the new theory inspired by Plato. In the theory
Stephen Yablo uses the example of Suzy and Billy to explain de facto causal
dependency. He agrees that Suzy's rock is the de facto cause of the broken
window, and that Billy’s rock, though thrown, is not the de facto cause. He
argues that the broken window depends solely on Suzy's rock. If Suzy had
not thrown, the window would not have been broken. But why is her rock
the cause? He states that her rock is the cause because Billy's rock does not
hit the window. We must hold fixed, he claims, the fact that Billy's rock does
not hit its mark.”

Citing the Phaedo, he explains why he takes the broken window to
depend on Suzy's thrown rock alone. Billy's rock, he argues, is not a cause
but a that without which. His rock does not contribute to breaking the
window, but it does makes something else the cause of the broken window.
His rock is a cause maker, he claims. It makes the broken window depend on
Suzy's rock. The fact that Billy's rock does not strike the window puts the
broken window in need of Suzy's rock.”®

Obviously, the crucial difference between this analysis of de facto
dependence and our analysis lies in the concept of the that without which.
On our analysis the that without which is the that within which a cause exists.
A de jure cause becomes a cause de facto only if and when it is enmattered.

1 assume for the sake of simplicity no other causes of broken windows. But other missiles, for
example, can easily beak windows. Errant baseballs and BB's spring immediately to mind.

* We might put these conceptions of de jure and de facto dependence more formally. Let upper-
case letters represent a de jure cause and effect, and lower-case letters a de facto cause and
effect. Then, (DJ) C is a cause of E iff E depends on C; and (DF) ¢ is a cause of ¢ iff e depends
on c. Compare Yablo (2002, p. 138); or Yablo (2004, pp. 126-127).

¥ Yablo (2002, p. 130).

% Yablo (2002, p. 131).

10
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Socrates, for example, cannot remain seated on his prison bed and accept his
sentence without his body and its organs.”’

The intention to acquiesce in a court sentence, I would argue, and the
choice to do so are merely causes de jure unless and until someone accepts
the intention and makes the choice. The intention and choice are then causes
de facto. Any person who has been condemned can embody these de jure
causes and make them causes de facto, though apparently not all do so with
equanimity.®

Socrates himself implies that intentions and choices are causes de jure. In
his defense at his trial he is good enough to caution his fellow citizens that
they cannot do away with his philosophical career as a de jure cause.
However much they may wish, they will find themselves unable to escape the
philosophical questions that he is accustomed to ask of them. Why? He
explains to them that, even if they execute him, others will soon arrive to take
his place and to perform his philosophical function.*

Socrates would thus suggest that a de jure cause, such as a philosophical
function, is an immortal cause, if you will allow the linguistic license.
Indeed, his cause lives on to this very day. But, unfortunately, his plea falls
on deaf ears. His accusers and jury apparently think that they can rid
themselves of his de jure cause merely by doing away with its that without
which. They were quite pleased to dispense with him as a de facto cause
when they condemned him and executed him.

Similarly, I would argue that no juvenile can throw a rock at a window
without a body and its organs and without a rock to throw. The intention to
throw a rock and to break a window and the choice to do so are again causes
de jure unless and until someone accepts the intention and makes the choice.
The intention and choice then become causes de facto. They become causes
de facto whoever picks up a rock and breaks a window with it. Any person,
juvenile or not, can succumb to the temptation, though adults usually do not.
The perpetrator can be either Suzy or Billy.

On the other analysis a cause would appear to be a cause de facto only if
and when another cause fails. The that without which is apparently a cause

" Plato (1914b, p. 99a).

% Plato (1914b, pp. 116e-117a).

» Plato (1914a, p. 39¢-d).

%% 1 assume intentionality in at least the second degree, to use a legal term. This assumption has
the advantage of a more ready comparison of Socrates with Suzy. But a similar analysis would
still apply to Suzy, mutatis mutandis, if she threw without intention, say in anger.

11
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that has no effect. How might this concept of a that without which apply to
Socrates? I am not entirely sure. Socrates clearly implies that he considers
the that without which to be his body.?’ But he also clearly asserts that his
body is not the cause of this action. He informs us that, if they were the
causes, his bones and sinews would have been long gone for Megara or
Boetia.”> His body apparently would desire nothing more than to save its
skin.

Could he mean that his body is not be the cause of his action because it is
a cause that failed? If so, the that without which would indeed appear to be a
failed cause. But Socrates rules out this possibility, too. The that without
which is ultimately not a cause at all, he contends. His disappointment with
Anaxagoras and his colleagues arises because they think not that a power,
which he thinks to be good, places things where they are, but that matter
does. They think that a whirlwind or an air layer keeps the earth below the
heavens, for example.™

Admittedly, Socrates has a geocentric rather than a heliocentric view of
our planetary system. But this detail aside, his etiological point is clear
enough. I take him to argue that a cause, or power, is a form that can have an
effect on matter. Consider, for example, a modern physical cause. Gravity is
a field, I understand, and a field is a cause that has an effect one cannot
account for with mechanical causes. Gravity is thus a formal power that
keeps the earth and the other planets in their elliptical orbits. That it does so
is probably a good thing, I would add.

Or consider Suzy and her rock again. Could Suzy's rock be the cause of
the broken window? Not all by itself. The cause of the broken window is
rather a form that Suzy imparts with her intention and choice to throw the
rock. The rock, left by itself, would have remained inert upon the ground. It
is merely a that without which. Suzy makes her intention and choice the de
facto causes of the broken window when she picks up the rock and throws it.
Her intention and choice become enmattered. But she would find that any
rock, if of sufficient weight and proximity, would suit her purpose equally
well.

Perhaps the other analysis might require that Socrates cannot sit in his cell
and await his execution unless and until someone else does not. But this
interpretation is far-fetched and unlikely. I would ask, Must one de facto

*! Plato (1914b, p. 99a-b).
32 Plato (1914b, p. 98¢-99a).
33 Plato (1914b, p. 98b-c, 99b-c).

12
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cause succeed only if another de facto cause fails? Could Socrates choose to
remain in prison only if another prisoner fails to remain? Cannot someone
accept a court judgment without another defendant being acquitted or another
prisoner escaping? Surely, Socrates could choose to remain in prison even if
there were no other prisoners. As far as we know, he in fact did.

Could not Suzy, too, have acted on her own? Cannot Suzy pick up a rock
and throw it and break a window without someone else attempting and failing
to do so? Simply put, Suzy could have thrown a rock and broken the window
even if Billy had not thrown. She could have broken the window if he had
merely bent down and had not yet picked up a rock. Or if he had stood idly
by, or if he was not even present.

More remains to be said, obviously. Why might one think that Suzy's
rock is the de facto cause of the broken window because Billy's rock passes
through the empty window frame? To see why this proposition might seem
plausible, we shall have to delve deeper into an analysis of de facto and de
jure causality with a look at Mill's methods.

5. De Jure and de Facto Cause Makers

I shall now show that we run the risk of misconceiving de facto dependence
if we fail to recognize both de facto and de jure dependence. One can apply
inductive methods appropriate for de jure causality to de facto causality. An
inductive method employed to discover a conceptual dependency can serve to
uncover a perceptual dependency, in other words. But one can also very
easily misapply a de jure inductive analysis to de facto causality. That one
might mistake a de jure epistemological supposition for a de facto ontological
supposition, is my position.

Let us briefly recall Mill's methods. For our purpose we need consider
only the method of agreement and the method of difference. The method of
agreement compares different instances of an effect, say, to determine what
antecedent they might have in common. Its presupposition is that, if the
instances have an antecedent in common, the common antecedent is the cause
of the effect under scrutiny.>* To take Mill's schematic example, let a be an
effect. If we compare consequents a b ¢ and a d e, and if we discover that A
B C and A D E are their antecedents, we can then conclude that A is the
cause of a. Neither B and C nor D and E can be causes, because these
antecedents were not present in both instances.

*Mill (1973, p. 390).
35 Mill (1973, p. 389).

13
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The method of difference rests on the presupposition that, if an instance
with an effect, say, does not have an antecedent in common with another
instance without the effect, the antecedent in which the instances differ is the
cause of the effect in question. This method thus seeks to compare an
instance with an effect with an instance without the effect. Consider Mill's
schematic example again, and let a again be an effect. If we compare the
consequents a b ¢ and b ¢, and if we discover that A B C and B C are their
antecedents, we can conclude that A is the cause of a. Neither b nor ¢ can be
the cause because these antecedents were present when the effect was not.*®

How do these methods apply to de facto and de jure causal dependence?
Consider the case of our juveniles and their delinquent activity. We all know
that thrown rocks are de jure causes of broken windows. But how do we
know? If at all experienced in the ways of delinquency, we have inductive
evidence readily available for our analysis. We can use the method of
agreement. We need only compare known instances of broken windows and
their antecedent circumstances. We will quickly discover that their
antecedents all agree on the fact that a rock was thrown and struck the
window.*’

We can also use the method of difference. We need simply compare an
instance of a broken window and its antecedent circumstances with an
instance of an unbroken window and its antecedents. We shall soon discover
that the antecedents of the broken window differ from those of the window
not broken. They differ in that a rock was thrown at and struck the broken
window. But no rock, though perhaps thrown, struck the unbroken window.

Of course, we might, if so inclined, indulge ourselves with an experiment
or two. We would find the method of difference of use for this purpose. We
need only look for unbroken windows, preferably in a building abandoned
and condemned, and we could then throw rocks at them. I am confident that
we would discover that our rocks, if thrown with sufficient accuracy, would
break the windows. These rocks would constitute the salient difference
between the instances of unbroken windows and those of broken windows.

What about de facto causes? We agree that Suzy's rock is the de facto
cause of the broken window. But how do we know that it is? We can use the
method of difference again. We may compare the preceding instance in

36 Mill (1973, p. 391).

%7 For the sake of simplicity T again ignore other causes of broken windows. Mill recognizes this
complication as the plurality of causes, and he discusses its consequences for induction,
especially for the method of agreement. See Mill (1973, pp. 434-439).

14
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which the window is unbroken with the succeeding instance in which the
window is broken. If we do, we can see that these two instances agree on all
salient circumstances save one. They differ in the obvious fact that Suzy's
rock was thrown at and struck the window. In the first instance this fact was
not present, but in the second instance it was present.*®

What, then, do Mill's methods tell us about causal dependence? His
methods tell us that by eliminating other possible causes we can discover
both de jure causal dependencies and de facto causal dependencies. We can
learn, for example, that thrown rocks are de jure causes of broken windows.
That is, broken windows depend on thrown rocks. We can also learn that
Suzy's rock is the de facto cause of the broken window in question. This
broken window depends on her thrown rock.

I would now draw your attention to a crucial fact. Only epistemologically
do Mill's methods allow us to determine which antecedent circumstances are
causes. With an induction we can discover causal dependencies both de jure
and de facto. In other words, we can make known causal connections both
conceptual and perceptual. But these inductive methods do not permit us to
determine ontologically which antecedents are causes. An induction would
obviously vitiate its conclusion if it were somehow to make an antecedent
bring about or not bring about a consequent.™

I would also note that Mill's methods only determine which antecedent
circumstances are causes. With an induction we can discover de jure and de
facto causal dependencies between antecedents and consequents. But an
induction does not uncover conceptual or perceptual connections among the
antecedents in question. An addition induction would be necessary to make
known any connection de facto or de jure among them.

We can now begin to see why Yablo might contend that Suzy's rock is the
de facto cause of the broken window because Billy's rock makes it the cause.

3¥ Mill uses a similar example to illustrate the method of difference. We know in this way that a
healthy man was killed by a gunshot through the heart. The instances before and after his death
agree on all circumstances except one, and this one circumstance is the gunshot wound. See Mill
(1973, p. 391).

* True, we can and do manipulate antecedents to set up an experiment for an induction. But any
induction, once we set up our experiment, has the purpose of allowing us merely to conceive or
to perceive a causal connection. Besides, we can also perform an induction through observation
alone when we have no control at all over antecedents. Mill notes that the method of difference
is best for experimentation, but that the method of agreement is best for observation. See Mill
(1973, pp. 392-394).
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This contention rests, I think, on a misapplication of inductive methods. One
could say that the methods employ cause makers. The methods of agreement
and of difference work by the elimination of antecedents, and the antecedents
eliminated make another antecedent the cause. But the eliminated
antecedents make the remaining antecedent the cause in an epistemological
sense only. They are epistemological cause makers in the sense that they
make known which antecedent is the cause.

Consider our juveniles again. We know by induction that Suzy's rock is
the de facto cause of the broken window, and we know that Billy's rock is
not. But do we know that Suzy's rock is the de facto cause because Billy's
rock is not? We do not. Our induction establishes only that there is a de
facto connection between one antecedent and the consequent, and that there
is no de facto connection between another antecedent and the consequent. It
shows that Suzy's rock broke the window, and that Billy's rock did not.

Our induction does not establish a de facto connection between one
antecedent and another. It does not show that there is a causal dependency of
Suzy’s rock on Billy's rock. But how else could Billy's rock be a cause
maker in an ontological sense? The antecedents eliminated with our
induction have no known effect on the antecedent not eliminated. We would
need at least one more induction to make known a causal dependency of one
antecedent on another.

One can easily mistake a de jure cause maker for a de facto cause maker.
A resemblance and an ambiguity are in play. A de jure induction and a de
facto induction are similar in that they both eliminate antecedents. But the
antecedents eliminated are dissimilar with regard to their causal status. A de
jure antecedent that is eliminated differs in kind from the antecedent
discovered to be the cause, but a de facto antecedent that is eliminated differs
in number from the antecedent that is the cause. That is, an eliminated de
jure antecedent can be only of a kind that cannot cause the effect in question,
but an eliminated de facto antecedent can be of a kind that can cause the
effect but simply does not cause it.*’

0 Actually, I am simplifying again. An eliminated de jure antecedent differs both in kind and in
number from other antecedents. But the difference in kind is primary because a de jure induction
seeks to establish a general law. An eliminated de facto antecedent can also differ from other
antecedents both in kind and in number. To take Mill's example, a detective might wish
ascertain whether a murder victim was shot through the heart with this rifle or this pistol. But
the difference in number is primary because a de facto induction seeks to establish a particular
fact.
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A de jure cause cannot ontologically cause an effect, in other words. But
a de facto cause can ontologically cause an effect. To mistake a difference in
kind for a difference in number would seem to make one cause different in
number ontologically different in kind from another cause. In other words,
the mistake would simply seem to make ontologically incapable a cause
capable of an effect.

We can now see how one might mistake for a de jure cause maker a de
facto cause maker. Neither a de jure antecedent eliminated epistemologically
nor a de facto antecedent eliminated epistemologically brings about the effect
in question. But the de jure antecedent is a cause maker because it cannot
bring about the effect in question, and the de facto antecedent is a cause
maker because it simply does not bring about the effect. Hence, one might
think mistakenly that a de facto antecedent cannot bring about the effect
simply because it does not bring it about.

One might thus think that there is an ontological difference between one
de facto antecedent and another de facto antecedent. The fact that the one
antecedent brings about the consequent might seem to require that the other
antecedent cannot bring it about. Why? The eliminated de jure antecedent
does not have the potential to bring about the consequent, and so the
eliminated de facto antecedent might not seem to have the potential to bring
about the effect, either.

I would conclude, then, that the eliminated de facto antecedent is only an
epistemological cause maker. It is not an ontological cause maker. The
antecedent eliminated only makes known the de facto cause of an effect. It
does not in actual fact make another antecedent the cause.

One might similarly mistake an eliminated de facto antecedent for a that
without which. A resemblance and an ambiguity are again present. Neither
an eliminated antecedent nor a that without which brings about a consequent.
But an eliminated antecedent and a that without which have potentialities that
are different. The antecedent is a potential cause of the consequent in
question, but the that without which is not a potential cause of the
consequent. The that without which does not have a form of an antecedent,
but it does have a potentiality to have a form. Only after receiving a form
does it become a potential cause. Before receiving a form it has a potentiality
to be a potential cause, we might say.*'

*! Philosophers have traditionally distinguished between first and second potentiality as they
have between first and second actuality. Incidentally, Mill also recognizes that a de facto cause
has a that without which, though he does not use the term. He tells us only that philosophers
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We can now see why the new theory must hold fixed the fact that Billy's
rock does not strike the window. To hold fixed the fact that Billy's rock does
not strike the window would be tantamount to assuming that Suzy's rock and
Billy's rock are causes that differ in kind as well as in number. If we hold
fixed the fact that it does not strike the window, we deprive Billy's rock of its
de facto causal status vis-a-vis the broken window. That is, we assume that
his rock does not have a potentiality of the kind needed to break the window.
But it does have a potentiality of this kind.

6. Interventions, Contraventions, and Subventions

We might now ask, How can one de facto cause interact with another de facto
cause? Obviously, a de facto cause can fail to bring about an effect because
it is not of the kind to bring about the effect in question. But if it is specific
to the effect, why does one de facto cause bring about the effect, and another
de facto cause not bring it about? Or, to return to our example, why does
Suzy's rock break the window, but Billy's rock does not?

Our distinction between de facto and de jure causes can help us answer
this question as well. Causes de jure are infallible, one might say.
Conceptual causes inhabit a tidy world pristine and serene. Their singular
connections with their effects hold with an unexceptionable necessity. At
least, in theory they do. We think laws truly causal to be necessary precisely
because they do not admit of any known exceptions. Fire always burns,
water always suffocates, gravity always attracts. And thrown rocks, if
thrown accurately, always break windows.

But causes de facto are rather fallible. Perceptual causes are habitués of
an untidy world crowded, perhaps overcrowded, with other causes. Their
connections with their effects can be at best probable only. Why? The
several causes jostle one another, and they can and do interfere with one
another. Their connections consequently admit of many exceptions. In fact,
fire does not always burn. Or, more precisely, this fire did not burn down
this house. Why? Because the fire department put it out.*”

What I shall call intervention, sometimes called preemption, presents
causal interference in what may be its simplest variety. Causal intervention
occurs when one de facto cause attains an effect in question before another de

have called this circumstance a material cause, but he adds the caveat that to call it a cause is
tautology. I would take his caveat to mean that this circumstance is merely a condition of a de
facto cause. But see Mill (1973, pp. 327-330).
2 Compare Hume (1975, pp. 57-59 or 86-88).
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facto cause. The two de facto causes are both potential causes of the same
effect. But the one cause becomes an actual cause because it attains the
effect before the other can. Suzy's rock and Billy's rock, for example, are
both potential de facto causes of the broken window in question. But Suzy's
rock broke the window, and Billy's rock did not. Why is her rock so
privileged? Her rock intervened and deprived his rock of the effect. Her
rock struck the window before his could.

Recall that a de jure cause becomes a de facto cause when it has a that
without which. But a de facto cause remains a potential cause unless and
until it attains its effect. Only then does it become an actual cause. Recall,
too, that a cause and its effect can each have a different that without which.
We might say that, until a rock strikes a window, the broken window is only
a potential effect. But the broken window becomes an actual effect when it
has its own that without which. Its that without which is the glass. Suzy's
rock thus has an actual effect because its effect has a that without which. But
Billy's rock has only a potential effect because its effect has no that without
which. There is no longer a window for it to break.

But one might confuse causal interference of this kind with interference
of another kind. We can easily mistake for causal intervention what I shall
call causal contravention. Causal contravention occurs when one de facto
cause defeats or destroys another de facto cause. Consider another recurrent
example involving Suzy and Billy. This example is a matter no longer of
juvenile delinquency but of a serious and felonious crime. Billy plants a
bomb under the chair that Suzy will use on her way to a medical examination.
Fortunately, Suzy discovers the bomb and flees before it can explode and
cause her any harm. She subsequently passes her exam.*

Billy's bomb is what I am calling a contravening cause. With his
intention and choice to plant a bomb, Billy threatens to disable the causes that
maintain Suzy's good health, to put the matter mildly.* Suzy has formed an
intention and made a choice to be healthy and to pass a medical examination.
Her intention and choice cannot be even potential causes without a that
without which. Obviously, their that without which is her body.” But with
his bomb Billy will deprive her causes of their de facto potentiality by
removing their that without which. He will in fact murder or maim her. His

* Compare Yablo (2004, pp. 119-120).
* In this example I assume intentionality in the first degree.
* And also other instruments, such as a nutritious diet and perhaps exercise equipment.

19



Paul Schollmeier

bomb would thus render her causes ineffective by destroying or damaging her
body.

But this example is complex. Suzy devises contravening causes of her
own. She formulates an intention to flee, and she chooses to do so. In haste,
no doubt. Her intention and choice thus disable the bomb by removing the
that without which of its effect. The bomb remains a potential cause because
it will not be able to have any effect on her body. Of course, the bomb squad
would contravene in another way. They would probably disable the bomb by
defusing it. They would thus deprive the bomb of its causal potential by
removing a component of its that without which.

We can now see how one might confuse an intervening cause with a
contravening cause. There are present a similarity and a dissimilarity. Both a
cause that intervenes and a cause that contravenes prevent another cause from
attaining its effect. But an intervening cause does so by attaining the effect
before the other cause, and a contravening cause does so by hindering the
other cause from attaining the effect. Suzy's rock breaks the window before
Billy's rock can break it, but Billy's bomb, if it had been successful, would
have stopped Suzy from passing her medical exam.

I would now draw your attention to another fact of significance. Neither
Billy's rock nor Billy's bomb is a de facto cause maker. Why not? Both
causes are merely cause breakers, one might say. They are causes with a de
facto potential, which was defeated, to interfere with another de facto cause.
Billy's rock might have intervened and broken the window if he had thrown
before Suzy did, and Billy's bomb might have contravened and harmed Suzy
if she had not noticed it and fled.

In both examples Suzy's intention and choice would be, without any
troublemaking from Billy, de facto causes. Her intention and choice in each
example are embodied in a that without which. They are so embodied when
she is intent on breaking the window and when she is intent on passing the
medical exam. Suzy's rock and Suzy's body are each a that without which in
its own right.*

% To explain what a cause maker is, Yablo compares causes that are more natural and less
natural. He implicitly sets out a definition for a more natural cause when he defines what he
calls an artificial cause. A cause is artificial, he argues, if in an actual scenario the cause neither
meets nor cancels a causal need in an alternative scenario. A cause meets a need in one scenario
if it meets the need that another cause would have met in another scenario, and a cause cancels a
need in one scenario if it meets a need that no actual cause meets but would have met in another
scenario. Yablo (2002, pp. 138-39); Yablo (2004, pp. 127-28).
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There is also interference of an intermediate kind, which I shall term
subvention. Interference of this kind occurs when one cause attains its effect
with assistance from another cause. For example, suppose that Suzy throws
her rock inaccurately, and it is going to miss the window. It is off course, in
other words. But suppose further that Suzy's rock caroms off Billy's rock in
mid-air and strikes the window. Suzy's rock is thus redirected by Billy's
rock. Her rock strikes the window because his rock put her rock on course.

We can now say that Billy's rock is a cause maker in an ontological sense.
Suzy's rock did not have the potential to break the window because it was
thrown inaccurately. But Billy's rock changed its potential by changing its
direction. Billy's rock thus causes, no doubt unintentionally, Suzy's rock to
strike and to break the window pane. His rock makes her rock the actual
cause of the broken window. Otherwise, her rock would have remained only
a potential cause without any actual effect. Its effect would have had no that
without which.

Subvention thus differs from intervention and contravention. An inter-
vening and a contravening cause disable another cause. The one does so by
removing the that without which of the effect, the other by removing the that
without which of the cause. But a subvening cause enables another cause to
attain its effect. A cause of this kind, as does any cause, imparts a form to its
effect. But its effect has its that without which in another cause. In our
example, Billy's rock gives Suzy's rock a new trajectory.*’

With his definition of an artificial cause, he thus suggests that a more natural cause is the
same in kind but different in number than a cause in an alternative scenario. How so? A natural
cause, he implies, would be a cause that both meets a need and cancels a need in an alternative
scenario. But a cause is the same in kind as another cause, I would argue, if it meets the same
causal need that another cause would have meet in another scenario, and a cause is different in
number if it meets a need that no actual cause meets but would have met in an another scenario.

Yablo thus in effect sets out an epistemological presupposition of a de facto induction. A de
facto induction presupposes that an antecedent is the same in kind as another antecedent but
different in number from another antecedent. The method of difference, for example, relies on
the presupposition that Suzy's rock meets the same need of the broken window that Billy's rock
would have met, and that Suzy's rock meets the same need that Billy's rock would have met but
did not meet.

Of course, a de facto induction can rest on other presuppositions, perhaps that an antecedent
is different both in kind and in number. But this and other presuppositions are not essential to
the issue at hand.

*7Yablo uses a similar example of two bowling balls and a bowling pin. The two balls collide as
they go down the alley, and the one ball is knocked into the pin by the other. But he takes this
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Subvention is clearly an ontological phenomenon. With Mill's methods
we could discover epistemologically causal connections between one
antecedent and another. I am confident that one could use the method of
agreement or of difference to do so. We would surely ascertain that one
thrown rock, if it strikes another rock in mid-air, has its course altered by the
other rock. Events of this sort, though unlikely, do occur. Indeed, they are
part of the fun of throwing rocks at windows. Or so I hear.

7. Conclusion

There is yet more to be said, I assure you. But I have probably said more
than enough for the present occasion. I shall close simply by bequeathing to
my reader the distinctions herein broached with the hope is that they might
prove useful for addressing other problems concerning causation. These
distinctions would include causality, causal dependency, and cause makers,
all de facto and de jure; causes different in kind and in number; and causal
intervention, contravention, and subvention.
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Kant’s Theory of the Sublime in Nature
and His Concept of Nature

Young-sook Lee

Abstract

When we reflect on how man relates himself to Nature, we see that there
arise two different positions. One is to set man against Nature, i.e., the
dualistic concept of Nature; the other is to conceive man as a part of Nature,
i.e., the non-dualistic concept of Nature. Of these two, Kant takes a dualistic
position. In this essay, I shall discuss Kant’s aesthetic theory, especially his
theory of the sublimity of Nature, in conjunction with his dualistic concept of
Nature. I’ll show that Kant’s sublimity theory has several problems and that
those problems are closely connected with his dualistic conception of Nature.
Then I’ll show further that those problems can be successfully resolved in the
non-dualistic concept of Nature. By doing so, I’ll suggest that the non-
dualists’ understanding of Nature is more adequate.

1. Introduction

As a thinking being, man has a spontaneous desire to know the world he
belongs to, i.e., Nature. Or, alternatively, man cannot escape having some
kind of conception of Nature, because he must constantly relate himself to it.
The experience of relating oneself to Nature must differ from individual to
individual, from culture to culture, from age to age, and so forth. When we
focus and reflect on how man relates himself to Nature, we see that there
arise two different positions." One is to set man against Nature or to draw a
line of demarcation between man and Nature; the other is to count man as a
part of Nature and assert a continuity between man and Nature. The latter
holds that Nature has active and creative force on its own whereas the former
denies it. I shall call the former 'the dualistic concept of Nature' and the latter
'the non- dualistic conception of Nature.'

' By 'man,' I mean human species distinguished from other classes such as animals, plants, rocks,
and so on.
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Let me clarify the distinction a bit further. On what grounds do the
dualists draw a line of demarcation between man and Nature? On what
grounds do the non-dualists deny it? Above all, one simple and immediate
answer to this question can be given in terms of value, I think. The dualists
assert that there is a line of demarcation because they believe that man is
superior to Nature in principle. The non-dualists deny it because they do not
believe in such a value distinction in principle.”

One may advance one step further and ask, on what grounds do the
dualists believe in a value distinction between man and Nature and on what
grounds do the non-dualists reject it? A satisfying answer to this question
cannot be given until we examine their metaphysics, which I will do in
section 2. I will discuss Kant’s metaphysics to represent the dualistic
position, and the metaphysics of the Taoist and of Spinoza to represent the
non-dualistic position. For the present, I shall try to give an answer simply to
clarify the two terms, 'dualists' and 'non-dualists'.

The dualists assert a value distinction between man and Nature because
they believe in man’s distinctiveness: man alone, in contrast to all other
natural beings, possesses a mind, a true source of activity and creativity. The
non-dualists refuse to make a value distinction because they believe that man
and Nature share something in common at the deepest level: namely, that
which is neither simply mental nor simply physical but covers both; that
which is somewhat like creative force or causal power; or that which they
regard as the ultimate reality. In so far as both man and Nature share this
same reality in common at the deepest level, it is in principle not right to set
up a value distinction between them. In other words, the non-dualists do not
believe that the mental makes man distinguishable from and superior to
Nature as the dualists do, for the mental is to be subsumed under the deepest
level of reality which man and Nature both share. The non-dualists do not
regard Nature merely as passive and created as the dualists do, but also as

% It does not mean however that the non-dualists do not admit any kind of distinction among
beings. They do admit certain kinds of distinction such as the distinction made in terms of
structural complexity or degree of perfection. The distinction, however, does not extend so far as
to draw a line of demarcation between man and Nature. For, though it may be true that a certain
species, say human beings, is, generally speaking, structurally more complex and more perfect
than other species, say animals, the same sort of distinction can be made within the same species
as well. Namely, some men are, for instance, more perfect than others. This is why I say that
the non-dualists do not believe in a value distinction between man and Nature in principle.
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active and creative in itself.’ In other words, by Nature' the non-dualists
mean not only the entire physical universe or the sum total of phenomena
(i.e., the passive Nature), but also the creative force or causal power which is
responsible for both the mental and the physical (i.e., the active Nature). The
non-dualistic concept of Nature is much broader than the dualistic concept of
Nature in this sense.

Returning to our main theme, which concept of Nature is more adequate
and more coherent? Which one has more explanatory power? To tell my
answer first, [ believe that it is the non-dualistic concept of Nature. In order
to show why, I'll critically examine in section 3 Kant’s aesthetic theory,
especially his theory of the sublimity of Nature, because, in my view, this
theory has several problematic implications or flaws and they are closely
connected with his dualistic concept of Nature. In section 4, I will show that
those problems will be resolved successfully, or alternatively, will not arise at
all in the non-dualistic concept of Nature. By doing this I will suggest that the
non-dualists’ understanding of Nature is more adequate.

2. The Metaphysical Grounds of the Two Concepts of Nature

2.1. The Metaphysical Ground of the Dualistic Concept of Nature: Kant
In this section, I shall consider Kant’s reflection on Nature and man and show
how it belongs to the dualistic concept of Nature. Kant approaches Nature
from a knowable or sensuous aspect to begin with: "By Nature, in the
empirical sense, we understand the connection of appearances as regards their
existence according to necessary rules. That is, according to laws" (CPR
A216/B263). Undoubtedly, by the necessary rules or laws he means the rules
of the understanding. For Nature under discussion, i.e., Nature in the
empirical sense, is constituted by the concepts of the understanding. On this
ground Kant says, "the understanding is itself the source of the laws of
Nature" (CPR A127) or "understanding supplies a priori laws for Nature" (CJ
196). More specifically, what are the laws of Nature, then? One of them is
definitely the law of causality. Since Nature is ordered by this law, Kant
holds that Nature is a mechanism (CJ 360) and is governed by the mechanical
law of causality.

One thing to note here is that this concept of Nature, i.e., Nature as a
mechanism, is, as Kant makes clear, not an empirical concept, for it carries

® The non-dualists identify Nature with the ultimate reality in this sense.

27



Young-sook Lee

with it the concept of necessity. It is rather a concept whose knowledge we
possess a priori. (Gr 455) Kant asserts however that the concept of Nature as
a mechanism is nonetheless "confirmed by experience and must inevitably be
presupposed if experience is to be possible" (Gr 455).

However, this is not of course the whole story about Kant's concept of
Nature. A further speculation about Nature begins when he encounters
organic beings. In such cases, according to Kant, we can hardly be satisfied
with viewing Nature as a mere mechanism. Kant illustrates his meaning by
an example of a tree: its growth, reproduction, and adaptation.

The way Nature comes, in these forms of life, to her own aid in the
case of injury, where the want of one part necessary for the
maintenance of the neighboring parts is made good by the rest; the
abortions or malformations in growth, where, on account of some
chance defect or obstacle, certain parts adopt a completely new
formation, so as to preserve the existing growth, and thus produce an
anomalous form. (CJ 372)

When we consider these phenomena, we naturally come to think, Kant
believes, that the phases of such processes are directed to the end of
achieving, continuing, maintaining the existence of a tree in its final form. On
Kant’s view, to think of the phenomena in this way is not only natural but
actually necessary. In other words, Kant believes that in order to get an
understanding of the essential Nature of organisms, we must approach them
as if they were designed and as if every part is purposive: "That the origin of
a simple blade of grass is only possible on the rule of ends is, to our human
critical faculty, sufficiently proved by its internal form" (CJ 378).

Based on these beliefs, Kant holds that an organized being is not a mere
machine, which has solely motive power. An organism possesses inherent
formative power so that every part is thought as owing its presence to the
agency of all the remaining parts and as existing for the sake of the others and
of the whole. That is to say, an organism is one in which every part is
reciprocally both end and means, with the principle of final causes as its
governing principle (CJ 373-76).

Kant emphasizes however that the principle of final causes is not
empirical but a priori because the principle possesses the universality and
necessity that are marks of a priori principles. And, unlike the categories of
the understanding, it is only a regulative a priori principle:
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It is true that the occasion for adopting this principle must be derived
from experience -- from such experience, namely, as is methodically
arranged and is called observation. But owing to the universality and
necessity which that principle predicates of such finality, it cannot rest
merely on empirical grounds, but must have some underlying a priori
principle.  This principle, however, may be one that is merely
regulative, and it may be that the ends in question only reside in the
idea of the person forming the estimate and not in any efficient cause
whatever. (CJ 376)

Once we realize this, we can advance a step further and apply this principle to
the whole of Nature: namely, Nature in general is to be estimated
teleologically as a system of ends (CJ 377). In this manner, Kant introduces
another concept of Nature: Nature as a system of ends.

Kant warns, however, that "this principle (of final causes) is altogether
silent on the point of whether anything estimated according to it is, or is not,
an end of Nature by design" (CJ 379). That is to say, we must treat Nature as
if it had been designed, without prejudging whether it were in fact designed,
as McFarland says. When viewed as designed, "Nature's capacity for
production by final causes must be considered as a special kind of causality";
whereas viewed as undesigned, "this capacity is at bottom identical with
natural mechanism" (CJ 391). Whichever be the case, Kant emphasizes that
the teleology must not lead us to convert Nature into an intelligent being, for
that would be absurd: "when teleology is applied to physics, we speak with
perfect justice of the wisdom, the economy, the forethought, the beneficence
of Nature. But in so doing we do not convert Nature into an intelligent being,
for that would be absurd" (CJ 383). Also he rejects that the teleology leads
us to place an intelligent being above Nature: "but neither do we dare to think
of placing another being, one that is intelligent, above Nature as its architect,
for that would be extravagant”" (CJ 383).

To sum up, Nature is, according to Kant, a mechanism on the one hand
and a teleological system of ends on the other. As an object of sense or as a
complex of phenomena, Nature is a mechanism because the principle of
mechanical causality as one of the constitutive principles of the
understanding applies to all phenomena. Nature is a teleological system of
ends as well, because organisms afford objective reality to this concept. But

*J. D. McFarland (1970), p. 139.
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the principle of final causes that is a governing principle here is not
constitutive; but it can be used as a regulative principle to guide further
scientific investigation, i.e., as a heuristic principle. What is common to both
principles is that both are a priori principles: namely, they are not principles
derived from experience.

One may ask however whether these two concepts of Nature, the
mechanical and the teleological, are compatible. Kant answers that they are.
For both concepts of Nature are the concepts of reflective judgment. Or,
alternatively, both are regulative concepts, not constitutive concepts. In other
words, to say that Nature is a mechanism is not to say "all production of
material things is possible on mere mechanical laws" but to say "all
production of material thing and their forms must be estimated as possible on
mere mechanical laws" (CJ 387). In the same manner, to say that Nature is a
teleological system of ends is not to say "some production of such things is
not possible on mere mechanical laws" but to say "some products of material
Nature cannot be estimated as possible on mere mechanical laws" (CJ 387).
The first are the examples of constitutive principles whereas the second are
those of regulative principles. Kant’s point is that his two seemingly
incompatible concepts of Nature are not really incompatible in so far as we
understand them not as constitutive principles but as regulative principles.
That is to say, if we understand them as constitutive principles, then an
antinomy arises and one of the two would necessarily be false. But if we
understand them as regulative principles, there is no contradiction between
the two. Kant emphasizes therefore that when he says that "I must estimate
the possibility of all events in material Nature, and consequently, also all
forms considered as its products, on mere mechanical laws," he does not
thereby assert that "they are solely possible in this way, to the exclusion of
every other kind of causality” (CJ 387). On the contrary, continues Kant,
"[t]his assertion is only intended to indicate that I ought at all times to reflect
upon these things according to the principle of the simple mechanism of
Nature, and, consequently, push my investigation with it as far as I can,
because unless I make it the basis of research there can be no knowledge of
Nature in the true sense of the term at all" (CJ 387).

One important thing that follows from this is that "[t]his leaves it an open
question whether in the unknown basis of Nature itself the physico-
mechanical and the final nexus present in the same things may not cohere in a
single principle, it being only our reason that is not in a position to unite them
in such a principle" (CJ 388). This is to admit the possibility that a
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supersensible ground be procured, although for us unknowable, as a substrate
for the sensible Nature (CJ 409). Once we admit this possibility, then we can
be more confident in estimating Nature on two kinds of principles, the
mechanical and the teleological. That is to say, everything which is
necessary in this Nature as an object of sense we should estimate according to
mechanical laws. But concerning those which we must deem contingent in
respect of mechanical laws or those which exist in Nature as an object of
reason, namely, Nature in its entirety as a system, we should also consider in
the light of teleological laws (CJ 409). "For we are at least assured of the
possibility of both being reconciled, even objectively, in a single principle in
as much as they deal with phenomena, and these presuppose a supersensible
ground" (CJ 413). In other words, "Kant does not attempt to argue,"
McFarland points out, "that the mechanical principle may be true of
appearances and the teleological true of the supersensible; rather he argues
that both can be applied to appearances without contradiction, because it is
possible that both are reconciled in the supersensible."” Kant holds therefore
"The mechanical mode of explanation would not be excluded by the
teleological as if the two principles contradicted one another" (CJ 409).

How does Kant understand man, then? Or, what is Kant’s concept of
man? In so far as man is a part of Nature, the two concepts that apply to
Nature, i.e., the mechanical and the teleological, apply to man also: namely,
man also is both a mechanism and an end.

Is it true, then, that man is nothing more than a part of Nature? No, it is
not. Kant does not believe that man is merely a part of Nature. There is
something more in man, which distinguishes man from all other beings.
What is that? It is reason, according to Kant: "Now man actually finds in
himself a power which distinguishes him from all other things -- and even
from himself so far as he is affected by objects. This power is reason" (Gr
452). It naturally leads Kant to postulate the conception of the final end, i.e.,
"an end that does not require any other end as condition of its possibility" (CJ
434). In the teleological context, all beings in Nature are indeed regarded as
ends; but they are, except for man, at the same time means for others. Man
alone cannot be a means for others, but remains an end all the time. It
amounts to the distinction between a mutually subordinated end and a final
end. All natural forms of life except for man are, even when Nature is
regarded as a teleological system, nothing more than subordinated ends: that

3 Ibid., p. 130.
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is, they are ends but at the same time means for others. But man must be
presupposed to be the final end:

we have in the world of beings but one kind whose causality is
teleological, or directed to ends, and which at the same time are beings
of such a character that the law according to which they have to
determine ends for themselves is represented by them themselves as
unconditioned and not dependent on anything in Nature, but as
necessary in itself. The being of this kind is man, but man regarded as
noumenon. He is the only natural creature whose peculiar objective
characterization is nevertheless such as to enable us to recognize in
him a supersensible faculty -- his freedom -- and to perceive both the
law of the causality and the object of freedom which that faculty is
able to set before itself as the highest end -- the supreme good in the
world. (CJ 435)

Namely, if there is to be a final end at all, which reason must assign a priori,
then it can only be man -- or any rational being in the world -- subject to
moral laws, according to Kant. For "if the world only consisted of lifeless
beings, or even consisted partly of living, but yet irrational beings, the
existence of such a world would have no worth whatever, because there
would exist in it no being with the least conception of what worth is" (CJ
448-49). This is how Kant believes that we have a rational ground to explain
why Nature must be in accord with the conditions of man’s happiness.

It becomes obvious now which concept of Nature Kant takes. It is
definitely the dualistic one. That is to say, Kant believes that man must be
distinguished from and superior to all other beings of Nature because man
alone possesses reason’ or because man alone can be the final end whereas
other beings of Nature remain mutually subordinated ends. In brief, the
distinction or demarcation line between man and Nature does not collapse
even when Kant views Nature as a teleological system. Kant’s concept of
Nature, whether it be mechanical or teleological, stands therefore strictly
under the dualistic concept of Nature.

® That man alone has reason does not mean, regretfully, that man remains rational all the time.
We’re frustrated more often than not to see that man’s rationality becomes a slave of passion, to
borrow Hume’s words. Man can abuse his rationality and becomes irrational fairly easily. My
point is that having a reason does not necessarily prove that man is superior to Nature, as Kant
believed.
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I’ve shown so far Kant’s metaphysical reflection on Nature and man,
which clearly evidences that he has a dualistic concept of Nature. I’ll turn
now to the metaphysical reflection of the non-dualists.

2.2. The Metaphysical Grounds of the

Non-dualistic Concept of Nature: The Taoist and Spinoza

I’ll consider here two metaphysical positions that support the non-dualistic
concept of Nature, the metaphysics of the Taoist and of Spinoza.

2.2.1. The Taoist
For the Taoists, the ultimate reality is understood in terms of 'Tao." What is
'Tao," then? Lao Tzu says that Tao cannot be described in words: "The Tao
that can be told of is not the eternal 7ao. The name that can be named is not
the enduring Name" (L 1). It is because, as Wang Pi says, "A name is used to
determine a form. Tao is nebulously complete, form-less and cannot be
known."” All the same, Lao Tzu gives it the name 'Tao' (L 25). Why? 'Tao'
literally means "Way.' According to Wang Pi, "the name '7Tao' (or 'Way') is
derived from the understanding that nothing does not follow it."® In other
words, Lao Tzu seems to have given it the name 'Tao' (or 'Way') because
everything is supposed to follow it.

Let us try to characterize Tao now. Based on the text of Lao Tzu, I shall
characterize Tao as follows: above all, Tao can be characterized as the origin,
source, and mother of the universe.

The name-less is the origin of Heaven and Earth;
The named is the mother of the Ten Thousand Things.

These two issue from the same [source], and yet have different names
(L1

There is "something" nebulously complete in and by itself, which
comes before Heaven and Earth.

Silent, boundless, standing alone, and changeless;

Its cyclical process has no end.

It may be considered the mother of the world. (L 25)

7 Charles Wei-hsun Fu and Sandra A. Wawrytko (1989), p. 16.
8 Ibid., p. 16.
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Wang Pi comments, "All being (yu) originates from No-thingness (wu).
Therefore at the time of no-form and no-name prior to the appearance of
forms and names, Tao is the origin of the ten thousand things; at the time
forms and names appear, it 'fosters them, rears them, nurtures them, and
harbors them' (L 51), as their mother."’

How, then, does Tao develop? The way Tao develops itself is described
in the following manner:

Tao gives birth to the One;
The One gives birth to the Two;
The Two give birth to the Ten Thousand Things. (L 42)

As a consequence, Tao comes to pervade everywhere: namely, there isn’t any
place where Tao does not reside. The method Tao takes to develop itself is
described in terms of Yin and Yang: "The Ten Thousand Things carry Yin and
embrace Yang, infusing these two vital forces to realize harmony" (L 42).
That is, when myriad creatures are begotten from 7ao but without being
given the form yet, the division of Yin (negative) and Yang (positive) already
appeared; and when they begin to move, things come into being with form.
Yin and Yang thus become the principle 7ao employs to develop itself. We
have to note here that Yin and Yang are not two separate energies or
activities. The activity of the one is inherently contained within and created
by the other, thus complementing each other. For both of them spring from
the supreme ultimate, 7ao. In brief, heaven and earth, or Nature, is
understood as the physical representation of the interaction of Yin and Yang,
themselves springing from 7ao.

The Yin and Yang principle can also be understood as the principle of
cyclic process. That is, "the movement of Tao is," says Lau, "described as
turning back, meaning that Tao causes all things to undergo a process of
cyclic change"'’: "Reversion is the movement of Tao; Suppleness is the
function of Tao" (L 40). Hence, Lau continues, "[w]hat is weak inevitably
develops into something strong; but when this process of development
reaches its limit, the opposite process of decline sets in, and what is strong
once again becomes weak; and decline reaches its lowest limit only to give
way once more to development. Thus there is an endless cycle of
development and decline." That is to say, the Yin and Yang aspects of Tao or

® Ibid., p.1.
D. C. Lau (trans.) (1963), p. 25.
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the principle of Tao produces the endless process of cyclic change, and the
natural order is delicately balanced. The process of life and death, for
instance, is understood in terms of this principle. In short, the principle of
Tao applies to all things that undergo change: it applies to man as well as to
inanimate creatures.

In brief, according to the Taoist, all beings in Nature including man are
considered to be threaded into one through 7ao: all have their origins in Tao;
all are governed by the Yin and Yang principle of Tao. That is to say, Tao
exists as a core of all beings in Nature at the deepest level. Again, Tao is, as
principle as well as origin of the universe, not something passive and created
but something active and creative.!' Accordingly, Nature must also be
conceived of not merely as something passive and created but as something
active and creative; or, alternatively, Nature is itself identified with Tao. The
Taoist metaphysics thus surely reflects the non-dualistic concept of Nature.

2.2.2. Spinoza
In Spinoza’s metaphysics, the ultimate reality is understood in terms of one
'substance.' 'Substance' is identified with 'God' on the one hand, and 'Nature'
on the other. What does he mean by 'substance, 'God,' and "Nature'
respectively? And how and why are they identified with one another?

Spinoza defines 'substance' as "that which is in itself and is conceived
through itself: that is, that the conception of which does not require the
conception of another thing from which it has to be formed" (I D3). That is
to say, Spinoza’s characterization of substance includes, "conceptual as well
as ontological independence," as Allison puts it.'"> In contrast to it, "that
which is in something else and is conceived through something else" is
'mode,' as Spinoza defines it: "By mode [ mean the affections of substance" (I
D5); hence, a mode is dependent upon substance conceptually as well as
ontologically. Again, to help understand what 'substance' is, Spinoza
introduces the concept 'attributes' defined as "that which the intellect
perceives of substance as constituting its essence." (I D4)

It follows from this definition of 'substance' that there cannot be two or
more substances of the same nature or attribute in the universe (I P5); that

" The Tao of the Taoists seems to me to be quite similar to the God of Spinoza, which I shall
discuss in the next section, in that both may well be understood as a sort of creative power and
principle of the universe.

12 Henry E. Allison (1987), p. 46.
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existence belongs to the nature of substance, for substance cannot be
produced by anything else and is therefore self-caused (I P7); and that every
substance is necessarily infinite or it possesses an infinity of attributes, for if
it were finite, "it would have to be limited by another substance of the same
nature, and that substance also would have to exist. And so there would exist
two substances of the same attribute, which is absurd" (I P8).

What is Spinoza’s 'God'? Spinoza defines 'God' as "an absolutely infinite
being: that is, substance consisting of infinite attributes, each of which
expresses eternal and infinite essence" (I D6). Hence, 'God' is identified with
'substance': "There can be, or be conceived, no other substance but God" (I
P14).

What is Spinoza’s 'Nature'? Spinoza approaches the understanding of
Nature from the distinction between 'Natura naturans' and 'Natura naturata':

By 'Natura naturans' we must understand that which is in itself and is
conceived through itself: that is, the attributes of substance that
express eternal and infinite essence; or God insofar as he is considered
a free cause. By 'Natura naturata' 1 understand all that follows from
the necessity of God’s Nature, that is, from the necessity of each one
of God’s attributes; or all the modes of God’s attributes insofar as they
are considered as things which are in God and can neither be nor can
be conceived without God. (I P29 S)

In brief, 'Natura naturans' is 'God' and 'Natura naturata' is the modes of
'God.'

In this manner, Spinoza identifies all these three, i.e., 'substance,' 'God,'
and 'Nature.' In other words, Spinoza’s metaphysical speculation concerning
the ultimate reality leads to the conclusion that 'substance,' 'God,' and Nature'
are all identical.

When the ultimate reality is understood in this manner, what kinds of
characterizing features follow from it? First, God is the cause of all things:
"From the necessity of the divine nature there must follow infinite things in
infinite ways" (I P16). That is, God serves as the source or ground of all
things. Hence, God is characterized as the first cause (I P16 C3) and the
efficient cause (I P16 C1) of all things, according to Spinoza. God is also
characterized as the immanent, not the extraneous or the transient cause of
things (I P18), for it is the one and the only substance and all things are just
modes of it, whether finite or infinite.
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Now, if God is the efficient cause of all things and there is nothing that
does not follow from God, what is the way God takes to fulfill this job? In
other words, how does God act as the efficient cause of all things? What
kind of causal relation is there between God and its modes or between Natura
naturans and Natura naturata?

Certainly, God acts 'freely' because, being absolutely infinite, there are
nothing beyond God, on which God could depend. Hence, Spinoza describes
God as the free cause as well. (I P17 C2) What is acting 'freely' to Spinoza?
'Freedom' is explained by Spinoza in terms of self-causation and self-
determination: "that thing is said to be free which exists solely from the
necessity of its own Nature, and is determined to action by itself alone" (I
D7). That is to say, when Spinoza says that God is the free cause, he does
not mean that God acts in an undetermined manner. Rather, God acts in a
certain determined manner. But the source of that determination is not
outside but inside: it is self-determination. Thus Spinoza says, "God acts
solely from the laws of his own Nature, and is constrained by none" (I P17).

What kind of laws are they? Or, what kind of necessity is it? It is
generally agreed upon by commentators that Spinoza means by the 'laws' or
the 'necessity’ of God a kind of logical law or logical necessity. The
expression, for instance, that things 'follow from' (I P16, 22) or are 'produced
by' (I P33) God, or the geometrical analogy employed by Spinoza to explain
the relation between God and things in "from God’s supreme power or
infinite nature an infinity of things in infinite ways -- that is, everything --
have necessarily flowed or are always following from that same necessity,
just as from the nature of a triangle it follows from eternity to eternity that its
three angles are equal to two right angles" (I P17 S) are suggested by Curley
as the evidences that strongly support this interpretation.”® In other words,
what Spinoza would have in mind as the causal relation between God and
things or between substance and its modes or between Natura naturans and
Natura naturata is understood to be in some way analogous to the logical
relation between ground and consequent.'* Again, since logic is the rules of
reason, the laws of God are taken to be equivalent with the laws and rules of
reason."” It is tantamount to saying that the logical order of our ideas reflects
the necessary causal order of reality.

3 E. M. Curley (1969), p. 45.
" Ibid., p. 46; and Allison (1987), p. 64.
1> Wetleson (1979), p. 221.
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Another characterizing feature of God is that it has both extension and
thought as its attributes: "Thought is an attribute of God: i.e. God is a
thinking thing" (II P1). "Extension is an attribute of God: i.e. God is an
extended thing" (I P2). Of course, extension and thought are not the only
attributes God possesses. God as an infinite being possesses an infinity of
attributes. Extension and thought are however the only two attributes of God
that are known to man. Moreover, what is to be noted here is that extension
and thought are, according to Spinoza, not two distinct and separate entities
but different attributes conceived by the human intellect as constituting God.
For God is the one and the only substance that is indivisible: "Absolutely
infinite substance is indivisible" (I P13).

Along this line, body and mind are not viewed by Spinoza as two distinct
entities but as two aspects of one and the same entity. In other words, every
body has, according to Spinoza, an idea corresponding to it (Il P7). Since
"there is necessarily in God an idea of each thing whatever, of which idea
God is the cause in the same way as he is the cause of the idea of the human
body," says Spinoza, "whatever we have asserted of the idea of the human
body must necessarily be asserted of the idea of each thing" (Il P13 S). For
Spinoza, therefore, a sharp demarcation line does not exist between the living
and the non-living, the conscious and the non-conscious, and consequently,
between man and Nature, either. Instead, he distinguishes individuals in
terms of bodily complexity or versatility: "in proportion as a body is more apt
than other bodies to act or be acted upon simultaneously in many ways, so is
its mind more apt than other minds to perceive many things simultaneously;
and in proportion as the actions of one body depend on itself alone and the
less that other bodies concur with it in its actions, the more apt is its mind to
understand distinctly" (I P13 S). For example, the difference between the
mind and body of human beings and those of animals is explained entirely in
terms of a difference of degree in their structural complexity. Hence,
Spinoza says, "[w]e cannot deny that ideas differ among themselves as do
their objects, and that one is more excellent and contains more reality than
another, just as the object of one idea is more excellent than that of another
and contains more reality" (Il P13 S).

How is Spinoza’s metaphysics related to the non-dualistic concept of
Nature? As I showed above, God or Nature (or Natura Naturans) is
conceived to be the source or origin of all things (or Natura Naturata),
including man. The way by which things follow from God is explained in
terms of the necessity of divine nature that may be analogous with the laws of
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logic. Extension and thought are not considered as two separate substances
but as two attributes of one and the same substance, God or Nature.
Consequently, Spinoza admits no room for a demarcation line between man
and Nature. Man is, like other beings, a mode of Nature; man as well as
other beings follows the same laws of Nature; and mind does not distinguish
man from other beings because mind, as an attribute of thought, pervades
everywhere. In brief, Spinoza’s metaphysics does not allow that man be
considered as a being that is distinguishable from or superior to other beings
of Nature. Also, Spinoza’s metaphysics suggests that Nature be conceived of
not only as passive and created (i.e., Natura Naturata) but also as active and
creative (i.e., Natura Naturans). Spinoza’s metaphysics thus reflects the non-
dualistic concept of Nature.

3. Problems in Kant’s Theory of the Sublimity of Nature

3.1. Aesthetic Pleasure

In the beginning of the third critique, Kant discusses the beautiful, where he
gives four determinations of it. Among these four, the first one is concerned
with aesthetic pleasure. Kant says that there are, roughly speaking, three
kinds of delight: that of the agreeable, of the beautiful, and of the good. "Of
these three kinds of delight, that of taste in the beautiful may be said to be the
one and only disinterested and free delight; for, with it, no interest, whether
of sense or reason, extorts approval." (CJ 210) In the following section of the
sublime, Kant continues: "the beautiful and the sublime agree on the point of
pleasing on their own account." (CJ 244) That is to say, the pleasure in the
sublime has the peculiar characteristic of disinterestedness as well. The
'disinterestedness' thus becomes the characteristic feature of aesthetic
pleasure of the sublime as well as of the beautiful, according to Kant.

My question is whether the 'disinterestedness' is coherent with his theory
of the sublime, especially the sublime in Nature. To tell the conclusion first,
it is not, in my view. Let us consider how the pleasure in the sublime in
Nature arises. This pleasure has a different origin from the pleasure in the
beautiful. Kant explains how the pleasure arises when contemplating the
beautiful:

all rational beings are capable of cognition, which requires the

connectibility of two faculties, imagination and understanding.
Particular acts of cognition involve the connection of particular
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representations with particular concepts--they require determinate
relationships between imagination and understanding. But these acts
presuppose an indeterminate general relationship--an underlying
harmony of the two cognitive faculties. When they are idling or not
seriously directed to the pursuit of knowledge, these faculties can play
at knowledge, in a sense, enjoying the harmony between them without
being tied down or bound by particular sense-intuitions or particular
concepts. It is precisely in this state, i.e., the state in which the two
cognitive faculties play freely enjoying the harmony between them
that the mind takes intense pleasure or satisfaction, which is the
experience of beauty. (CJ 217-218)

To wit, it is out of the harmony the faculty of judgments finds in relating the
imagination, in its free play, to the understanding that the pleasure of beauty
is generated.

How does the pleasure arise in contemplating the sublime in Nature, then?
Is it the same kind of harmony that is responsible for the pleasure in the
sublime? No, it isn’t. Kant’s answer is that the pleasure in the sublime arises
because "we can become conscious that we are superior to Nature within, and
therefore also to Nature without us." (CJ 264) Certainly it is an answer which
shows his dualistic position on Nature. We feel, facing overwhelming Nature,
at first, impotent as physical creatures; however, this sense of impotence
brings home to us the awareness of our infinite superiority as moral beings,
our spiritual inviolability in the midst of Natural perils. Thus, humanity in
our person remains un-humiliated, though the individual might have to
submit to this overwhelming power of Nature. Hence it is the sublimity of
our nature that we actually admire.

The feeling of the sublime is at once a feeling of displeasure, arising
from the inadequacy of imagination in the aesthetic estimation of
magnitude to attain to its estimation by reason, and a simultaneously
awakened pleasure, arising from this very judgment of the inadequacy
of the greatest faculty of sense being in accord with ideas of reason, so
far as the effort to attain to these is for us a law. It is, in other words,
for us a law (of reason), which goes to make us what we are, that we
should esteem as small in comparison with ideas of reason everything
which for us is great in Nature as an object of sense; and that which
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makes us alive to the feeling of this supersensible side of our being
harmonizes with that law. (CJ 257)

It means that our faculty of judgment generates the feeling of the sublime, not
out of the harmony, but out of the conflict and subsequent dominion made
when relating the imagination to the Reason and its transcendent Ideas.

Is it not strange that we have to ascribe two different origins to the same
aesthetic pleasure of disinterestedness? For Kant, it is not. The aesthetic
pleasure of disinterestedness originates, in the case of the beautiful, from
mental harmony, whereas it originates from mental conflict and subsequent
dominion in the case of the sublime. For me, however, it is a strange and
awkward position. Is the mental conflict really capable of causing
disinterestedness? The mental harmony may well cause the disinterested
delight; but I doubt that mental conflict does. The word 'conflict' is associated
not so much with disinterest as with interest and pains of struggle. As a
matter of fact, Kant himself claims that the sublimity in Nature represents the
struggle, indeed, to break the limits of sensuous form in order to find a
subjective equivalent of infinity within the self. I can hardly imagine,
therefore, that the pleasure in contemplating the sublimity of Nature shall
have a disinterested character. On the contrary, it will have a very 'interested'
character, because the pleasure has certainly its origin in the struggle between
the sense and reason and subsequent dominion of the latter over the former.
In other words, I don’t think that such words as 'conflict, 'struggle,’ and
'dominion' which Kant employs to describe the sublimity experience are
compatible with the claim that 'disinterestedness' is to be found in
experiencing the sublime in Nature. One may object that Kant characterizes
the experience of the sublime as disinterested because the person
experiencing it is not herself threatened (for instance by a storm), but watches
it safely; whereas a person physically threatened by a storm will not
experience sublimity but will have an 'interested' relation to the storm. Is it
not the case, though, that the act of distinguishing threat from safety is itself
already a sign of an 'interested' relation to Nature? I would say therefore that
this is one of the problems in Kant’s sublime theory, and that his dualistic
concept of Nature stands behind this problem.

3.2. Aesthetic Freedom

'Freedom' in Kant has an equivocal meaning. The concept of freedom in his
aesthetics and that in his ethics are different. In the case of the aesthetic
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judgment of the beautiful, Kant says that a free play occurs between the
imagination and the concepts of the understanding; so 'freedom' in this
context is an unhindered operation according to one’s own principle. This
freedom is however not the same as the freedom developed in Kant’s ethics,
moral freedom. Granted that it is self-determined, moral freedom is self-
determined in a form of pure energy; or, alternatively, moral freedom comes
from a power of opposition by limitless power of the will. That is to say,
whereas the freedom in the aesthetic experience of the beautiful comes from
inner harmony, the moral freedom comes from inner disharmony and
opposition.

What about the case of the sublime? Since the sublime is also an
aesthetic experience, can we expect the same kind of freedom, namely, the
freedom of harmony? I am afraid not. As I’ve explained in the previous
section, it is not a harmonious play (between the imagination and the
concepts of the understanding) but a conflict (between imagination and the
Ideas of reason) and a subsequent dominion of the other over the one that
characterizes the aesthetic experience of the sublimity of Nature. Hence, the
freedom emerging from the sublime is not the same as the freedom emerging
from the beautiful. That is to say, aesthetic freedom must split into two
kinds, according to Kant: one originates from harmony, and the other from
conflict and subsequent dominion.

Is it really the case that we entertain entirely different kinds of freedom in
our aesthetic experience of the sublime than in that of the beautiful? When |
reflect on my own aesthetic experiences, it does not seem correct to say so. I
don’t think I experience a feeling of conflict nor a feeling of dominion when |
encounter the sublimity of Nature. It is more an uplifting feeling of
transcendence: I feel as if I forget and leave behind my ordinary trifles and
are invited to the hidden realm of the vast, deep and boundless. I feel as if the
sublimity outside in Nature triggers the sublimity deep inside me and creates
a kind of tuning experience. Anyway, it is certainly an experience of great
freedom and liberation. I think on this account that the aesthetic freedom of
the sublime is more a product of harmony than a product of conflict. To wit,
I would think that aesthetic freedom is of one and the same kind regardless of
whether it is of the sublime or of the beautiful: namely, it is a freedom
emerging not from disharmony or conflict but from harmony and accordance.
This is the second problem I want to point out in Kant’s sublime theory,
which is certainly related to his dualistic concept of Nature.
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3.3. The Claim of Displeasure-precedence

For Kant, Nature that is esteemed sublime is represented as a source of fear.
In regard to this, Kant introduces the following assertion of displeasure-
precedence: "[t]he feeling of the sublime is at once a feeling of displeasure,
arising from the inadequacy of imagination in the aesthetic estimation of
magnitude to attain to its estimation by reason, and a simultaneously
awakened pleasure, arising from this very judgment of the inadequacy of the
greatest faculty of sense being in accord with ideas of reason, . . .. " (CJ 257)
That is to say, the conflict between imagination and reason produces a feeling
of displeasure first because man is unable, as a phenomenal being, to grasp
the magnitude of Nature; it turns into a feeling of pleasure the next moment,
because she becomes conscious that man is superior to it as a noumenal
being. So, Kant says, "the object is received as sublime with a pleasure that
is only possible through the mediation of a displeasure." (CJ 260)

This claim does not seem to me to have any plausible ground. As far as
my experiences are concerned, it is not so much fear as awe or limit-breaking
openness and freedom that I experience in contemplating the sublimity of
Nature. In addition, Kant ascribes the feeling of displeasure to the case of the
sublimity of Nature alone. He does not ascribe displeasure to such cases as
the sublimity in works of art or of the human form. I do not believe, however,
such uniqueness does exist. It seems to me that the aesthetic feeling of the
sublime is the same whether it is in art-works, in man, or in Nature. In all
these cases, fear or displeasure does not precede. The sublimity of Nature
may well provoke a feeling of humility, but not a feeling of humiliation as
Kant claims; and the feeling of humility does not produce the feeling of
displeasure. Why, then, does Kant make such a problematic assertion of
displeasure-precedence to explain the sublime in Nature? It is surely because
he has a dualistic concept of Nature, I would think.

3.4. The Morally Good’s Immediate Interest in the Beauty of Nature
Kant maintains that taking an immediate interest in the beauty of Nature is
always a mark of a morally good soul. Why is this so? His argument is as
follows:

We have a faculty of judgment which is merely aesthetic . . .. We
have also a faculty of intellectual judgment for the mere forms of
practical maxims . . . . The pleasure or displeasure in the former
judgment is called that of taste, the latter is called that of the moral
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feeling. But now, reason is further interested in ideas (for which in our
moral feeling it brings about an immediate interest) having also
objective reality. That is to say, it is of interest to reason that Nature
should at least show a trace or give a hint that it contains in itself some
ground or other for assuming a uniform accordance of its product with
our wholly disinterested delight (a delight which we cognize a priori
as a law for everyone without being able to ground it upon proofs.)
That being so, reason must take an interest in every manifestation on
the part of Nature of some such accordance. Hence the mind cannot
reflect on the beauty of Nature without at the same time finding its
interest engaged. But this interest is akin to the moral. One, then,
who takes such an interest in the beautiful in Nature can only do so in
so far as he has previously set his interest deep in the foundations of
the morally good. On these grounds we have reason for presuming
the presence of at least the germ of a good moral disposition in the
case of a man to whom the beauty of Nature is a matter of immediate
interest ... and the analogy in which the pure judgment of taste that
without relying upon any interest, gives us a feeling of delight, and at
the same time represents it a priori as proper to mankind in general,
stands to the moral judgment that does just the same from concepts, is
one which, without any clear, subtle, and deliberate reflection,
conduces to a like immediate interest being taken in the objects of the
former judgment as in those of the latter -- with this one difference,
that the interest in the first case is free, while in the latter it is one
founded on objective laws. (CJ 300-301)

In other words, the moral feelings of a good soul and the aesthetic experience
have similarity in that both of them are totally disinterested. This
disinterestedness of the morally good is a reason why they have an immediate
interest in the beauty of Nature. Interestingly, however, Kant does not
include the sublimity of Nature here. As Kant himself says, it is not only the
beautiful but also the sublime that evokes the 'disinterested pleasure' in the
aesthetic experience. Then, why does he exclude the sublimity of Nature in
this argument?

Moreover, Kant further argues, moral knowledge is presupposed by the
feelings of the sublime. So, if we say of someone that he fails to appreciate
the sublime, we assume that he also lacks moral sensitivity: "just as we taunt
a man who is quite unappreciative when forming an estimate of an object of
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Nature in which we see beauty, with want of taste, so we say of a man who
remains unaffected in the presence of what we consider sublime, that he has
no feeling (that is, the moral feeling)." (CJ 265) If such is the case, there has
to be still less grounds to confine the immediate interest of the morally good
to 'the beauty of Nature' alone and exclude 'the sublimity of Nature." The
better a soul is in moral respect, the more immediate interest he must have in
the sublimity of Nature. In other words, I think it is far more coherent to say
that it is the aesthetic experience of Nature' rather than 'beauty of Nature' that
the morally good has an immediate interest in.

Will it be the case that Kant fails to see the incoherency in his claim? I do
not know. I’m certain however that it is also a corollary of his dualistic
concept of Nature. That is to say, Kant cannot but exclude the sublimity of
Nature because sublimity does not reside in any of the things of Nature, but
only in human mind, according to his theory of the sublime. He even claims
that sublimity is an instance of 'the pathetic fallacy': the feeling of the
sublime in Nature is respect for our own vocation, which we attribute to an
object of Nature by a certain subreption (CJ 257). The morally good, then,
cannot or must not have an immediate interest in the sublime in Nature. For
such an interest would be eventually an interest in himself, a kind of self-
absorption, which contradicts the morally good’s virtuous character. It is on
this account, I think, that Kant has to exclude 'the sublimity of Nature' in the
argument.

I’ve shown in this section that Kant’s dualistic concept of Nature has a
direct connection with various problematic assertions and flaws in his theory
of the sublime in Nature. What will happen to these problems if one takes the
non-dualistic concept of Nature, then? I will show in the next section that
these problems will be resolved successfully or do not arise at all in the non-
dualistic concept of Nature.

4. Solution of the Problems
I will elaborate now how the problems in Kant’s sublimity theory can be
resolved in the non-dualistic framework.

4.1. Aesthetic Pleasure

Let us start from the problem of aesthetic pleasure, first. My point was as
follows. Kant claims that aesthetic pleasure in the sublime as well as in the
beautiful has the characteristic of disinterestedness. But, if Kant’s theory of
sublimity is correct, we can hardly expect ‘disinterestedness’ in the case of
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the sublime in Nature. For its aesthetic pleasure does not originate from the
same source as that of the beautiful: in the case of the beautiful, the pleasure
originates from harmony of the two mental faculties (imagination and
understanding); but in the case of the sublime, the pleasure originates from
dominion of reason over imagination after conflicts. While it stands to
reason to claim that the harmonious state of mind has the characteristic of
disinterestedness, it does not stand to reason, in my view, to claim that the
conflicting state of mind has the characteristic of disinterestedness. Every
conflict causes a struggle. In other words, I would think that Kant contradicts
himself when he claims that the aesthetic pleasure issuing from the sublimity
of Nature has the characteristic of disinterestedness.

According to the non-dualistic concept of Nature, however, such a
contradiction does not arise. Nature is basically neither inferior nor superior
to man. For the Taoist, Tao runs, as the ultimate reality, through both man
and Nature. For Spinoza, both man and Nature (as Natura Naturata) are the
modes of God or Nature (as Natura Naturans). In other words, both man and
Nature are manifestations of the one and the same reality, Tao for the Taoist
and God for Spinoza. Kant’s theory of sublimity that presupposes superiority
of man to Nature does not fit in here. In other words, the Kantian conflict
between man and Nature does not have its proper place in this framework.
On the contrary, it may better be described as a kind of attraction than
conflict that is expected between man, especially the morally good man as
Kant puts it, and Nature, because, as the old saying goes, like attracts like.
Where attraction exists, harmony is to follow as a rule. And the pleasure one
experiences in the sublimity of Nature is bound to be 'disinterested' because a
personal interest does not exist in such a harmonious state. That is to say,
whereas the claim that the aesthetic pleasure (both in the beautiful and in the
sublime) has a characteristic of disinterestedness encounters a problem of
incoherency in the dualistic concept of Nature, it does not in the non-dualistic
concept of Nature.

4.2. Displeasure Precedence

Similarly, Kant’s problematic assertion of displeasure-precedence disappears
in the non-dualistic concept of Nature. Since there is no opposition or conflict
between man and Nature, there isn’t any ground for man to feel displeasure
in the face of the sublimity of Nature. The feeling may be better put as awe
or reverence than displeasure or fear as I mentioned earlier. For Nature is
greater than man at least in that it does not impair its beauty and sublimity
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with something like an egotistical vanity or selfish desires as man frequently
does. In short, the problematic assertion of displeasure-precedence disappears
in the non-dualistic framework.

4.3. Aesthetic Freedom

Let us consider the problem of freedom now. To summarize, there are two
different concepts of freedom in Kant: one is the freedom found in his
aesthetics of the beautiful and the other is the freedom found in his ethics and
his aesthetics of the sublime in Nature. The former originates from harmonys;
the latter from conflict.

My objection was that one did not seem to encounter such a radical
difference of aesthetic freedom in between the case of the beautiful and that
of the sublime. As far as my experience is concerned, I certainly do not see
such a radical difference. I experience more or less a similar feeling of
freedom. I explained previously how this seemingly awkward claim was also
connected with his concept of Nature. Since Kant believed that man was
certainly superior to Nature he could not ascribe the sublimity to Nature.
Instead, the sublimity was thought to be an attribute of man, not of Nature.
All the same, Kant could not still deny the fact that Nature did look greater
than man at least in appearance. Faced with this dilemma, Kant had to
distinguish between freedom of the sublime and freedom of the beautiful.
But I do not think it is a correct or sound explanation of the phenomena.

If we view Nature from a different angle, i.e., the non-dualistic
standpoint, this problem does not arise. Since man and Nature are essentially
of the same root, or since man is neither inferior nor superior to Nature, man
does not need to feel any tension facing Nature. That is to say, no room is
made for conflict. The sublimity can be an attribute of Nature as well as of
man. Consequently, the aesthetic freedom in contemplating the sublimity of
Nature has its root in consonance and empathy rather than in conflict and
subsequent dominion of man over Nature as in Kant. In other words, freedom
in the sublime is essentially not different from freedom in the beautiful in this
view, and the Kantian problem related to freedom does not arise, to begin
with.

4.4. The Morally Good’s Immediate Interest in Nature

Let us move now to the question of the morally good’s immediate interest.
I’ve explained previously that Kant’s claim that the morally good had an
immediate interest in the 'beauty of Nature’ but not in the 'sublimity of
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Nature' was an awkward position. It seems to me that the sublimity of Nature
is, when viewed from an aesthetic point of view, as much, if not more, an
object of the morally good’s immediate interest as the beauty of Nature.
Why, then, does Kant take such an awkward position of excluding the
sublimity of Nature from the argument? It is because his sublime theory did
not permit this, I would think.

According to Kant, it was the 'accordance' between the beautiful objects
in Nature and the mental states of the morally good that made the latter to
have an immediate interest in the former. That is to say, the beautiful as the
origin of the disinterested pleasure is in 'accordance' with the disinterested
mental state of the morally good. The accordance is not supposed to be
found, however, in the case of the sublime because Nature cannot be an
object of the sublime. In other words, since Kant, as dualist, thought that the
sublimity did not reside in Nature but in man alone, he could not but exclude
the sublime aspect of Nature when he explained the relationship between the
morally good and Nature.

In the non-dualistic view of Nature, however, the sublimity exists not
only in man but also in Nature. When it is said that the morally good have an
immediate interest in Nature, 'Nature' includes its sublime aspect as well as
its beautiful aspect. That is to say, the argument changes like this: the morally
good have an immediate interest in Nature because the beauty and sublimity
of their mental states find accordance and harmony in the beauty and
sublimity of Nature.

5. Conclusion

There are two different ways man relates himself to Nature, dualistically or
non-dualistically. The dualist like Kant believes that man is to be
distinguished from Nature because man alone possesses reason and thus is
superior to Nature. The non-dualists like the Taoist and Spinoza assert,
however, that it is in principle wrong to draw a line of demarcation between
man and Nature because both are manifestations of the one and the same
reality.

I’ve attempted in this essay to seek for a more adequate and coherent
concept of Nature. In order to do this, I’ve carefully examined and shown that
Kant’s sublimity theory of Nature has various problems, that they are closely
connected with his dualistic concept of Nature, and that those problems can
be resolved successfully or do not arise at all if one takes the non-dualistic
concept of Nature. By doing so, I’ve proved indirectly that the non-dualists’
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understanding of Nature is more coherent and adequate. I believe that we can
expect similar consequences in other areas of human experiences. Aesthetic
experience is just one example I’ve shown in this essay.

Abbreviations
References to the primary texts are given directly in the main body of my
essay, and references to the secondary literatures are given in the footnotes.

The primary texts and abbreviations used in Kant sections are:
Critique of Pure Reason, trans. by Norman Kemp Smith (1929), St. Martin’s
Press: New York.
Groundwork of the Metaphysic of Morals, trans. by H. J. Paton (1964),
Harper & Row, Publishers: New York.
Critique of Judgment (Part I & II), trans. by James Creed Meredith (1952),
Clarendon Press: Oxford.
CPR Critique of Pure Reason

A A edition

B B edition
Gr Groundwork of the Metaphysic of Morals
CJ Critique of Judgment
e.g., (CPR A261/B317) Critique of Pure Reason, A edition, p. 261 / B
edition, p. 317.

The primary text in the Taoist section is the work of Lao Tzu, the title of
which is well known as Tao Te Ching. The English translation I used for it is
"Wang Pi’s Commentary on Lao Tzu," trans. by Charles Wei-hsun Fu and
Sandra A. Wawrytko (1989) in monograph.

e.g., (L 1) Lao Tzu, Chapter 1.

The primary text in the Spinoza section is Ethics, trans. by Samuel Shirley
(1982), The Ethics and Selected Letters, Hackett Publishing Company, Inc.
The abbreviations employed are as follows:

D Definition

P Proposition

C Corollary

S Scholium

e.g., (I P16 S) Ethics, Chapter 11, Proposition 16, Scholium.
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Satslogiken, Sanningsfunktioner och Semantiska
Tablier

Daniel Ronnedal

Abstrakt

Den hédr uppsatsen handlar om satslogiken, sanningsfunktioner och
semantiska tablaer. Syftet dr dels att sammanfatta nagra intressanta fakta om
satslogiken, dels att presentera viss ny information om denna vélutvecklade
gren av logiken. En sanningsfunktion dr en funktion som tar oss fran
sanningsvérden till sanningsvirden (Det Sanna, Det Falska). Det finns 1-
stilliga sanningsfunktioner som tar ett sanningsviarde som input och ger ett
sanningsvérde som output; det finns 2-stdlliga sanningsfunktioner som tar tva
sanningsvirden som input och ger ett sanningsvirde som output osv.
Satslogiken &r den gren av logiken som handlar om sanningsfunktioner. I den
har uppsatsen undersoker jag alla 1- och 2-stélliga sanningsfunktioner. Jag
utvecklar semantiska tabldsystem som innehéller konnektiv som uttrycker
dessa sanningsfunktioner och introducerar en mingd tablaregler som kan
anvéndas i olika tablabevis. Jag definierar att antal grundlaggande begrepp,
visar hur satslogiken kan simuleras i predikatlogik, gér igenom en méngd
anvindbara regler, och ndmner flera intressanta teorem och metateorem.

1. Introduktion
Den hédr uppsatsen handlar om satslogiken, sanningsfunktioner och
semantiska tablder. Syftet &r dels att ssmmanfatta nagra intressanta fakta om
denna vilutvecklade gren av logiken, dels att presentera viss ny information.
Satslogiken ar en av de éldsta typerna av logik och de logiska egenskaperna
hos uttryck som “inte”, “och”, “eller”, ”om, s&” osv. har studerats sedan
antiken (Lukasiewicz (1935)). Tanken att konstruktioner av detta slag
uttrycker sanningsfunktioner &r emellertid relativt ny och tycks ha sitt
ursprung i Gottlob Freges verk (se uppsatserna i Frege (1995)).

Satslogiken kan studeras ur en méngd olika perspektiv och med hjélp av
olika bevismetoder (Bostock (1997), Sundholm (2001)). Axiomatiska

framstillningar av satslogiken finner man bl.a. i Frege (1879), Whitehead &
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Russell (1910), Church (1956), Bostock (1997), Kap. 5, Epstein (2006), Kap.
IT, Kleene (1952), Mendelson (1964). Se ocksa Quine (1950), Kap. 13.

Sa kallade sanningstabeller kan t.ex. anvidndas for att avgéra om en sats ar
logisk sann eller inte, om en sats dr logiskt falsk eller inte, om en sats ar
logiskt kontingent eller inte, om tva satser dr logiskt ekvivalenta eller inte,
om ett argument r giltigt eller inte, om en méngd satser &r satisfierbar eller
inte, m.m. Andra metoder, sdisom den semantiska tablametoden, kan ocksa
anvindas for dessa dndamal (se Avsnitt 4.5). For mer information om
sanningstabeller, se néstan vilken introduktion till logik som helst, t.ex.
Bonevac (2003), Copi & Cohen (2002), Layman (2002), Lepore (2000),
Martensson (1993), Prawitz (1991). Metoden utvecklades pa 1920-talet av
bl.a. Lukasiewicz och Post. Se ocksd Wittgenstein (1921). Enligt Quine
(1950), s. 38 var den grundliggande idén bakom sanningstabeller kénd redan
pa 1880-talet av Frege, Peirce och Schroder.

Satslogiken kan dven studeras med hjilp av s.k. sekvenssystem, se t.ex.
Gentzen (1935a), (1935b), Bostock (1997), Kap. 7, och Buss (1998b).

En annan typ av bevisteori dr s.k. naturlig deduktion. Introduktioner till
satslogik och naturlig deduktion hittar man bl.a. i Anderson & Johnstone
(1962), Bonevac (2003), Copi & Cohen (2002), Martensson (1993), Prawitz
(1991), Thomason (1970).

En av de yngsta bevismetoderna anvéinder s.k. semantiska tablder. I den
hir uppsatsen koncentrerar jag mig pd semantiska tablasystem. For mer
information om satslogik och semantiska tabléer, se t.ex. Bonevac (2003),
Jeffrey (1967), Lepore (2000), Smullyan (1968). Se ocksa referenserna i
Avsnitt 4.2.

Oavsett vilken typ av bevisteori vi anvinder, kan satslogiken sdgas vara
den gren av logiken som handlar om sanningsfunktioner. En sannings-
funktion dr en funktion som tar oss fran sanningsvérden till sanningsvarden
(Det Sanna, Det Falska). Det finns 1-stdlliga sanningsfunktioner som tar ett
sanningsvéirde som input och ger ett sanningsviarde som output; det finns 2-
stdlliga sanningsfunktioner som tar tva sanningsvérden som input och ger ett
sanningsvérde som output osv. I den hir uppsatsen undersoker jag alla 1- och
2-stdlliga sanningsfunktioner. Jag utvecklar semantiska tablisystem som
innehéller konnektiv som uttrycker dessa sanningsfunktioner och introducerar
en mingd tablaregler som kan anvéndas i olika tablébevis. Jag definierar ett
antal grundldggande begrepp, visar hur satslogiken kan simuleras i
predikatlogik, gar igenom en méngd anvéndbara regler, och nimner flera
intressanta teorem och metateorem.
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Uppsatsen dr indelade i sex avsnitt. Avsnitt 2 handlar om syntax och
Avsnitt 3 om semantik. I Avsnitt 4, som sysslar med bevisteori, presenterar
jag ett stort antal tablaregler och visar hur dessa kan anvéndas for att skapa en
mingd tablasystem. Avsnitt 5 innehdller en lista pd ndgra vilkdnda
satslogiska sanningar, och i Avsnitt 6 gar jag igenom en méngd intressanta
metateorem.

2. Syntax
Det ar mojligt att konstruera en stor mingd olika satslogiska sprdk, som
bildar en enorm lattice. I den hér sektionen skall jag sdga lite mer om detta.

2.1. Alfabet
Satsbokstéaver: p, q, 1, S, P1, q1, [15 S1, P25 925 125 S2, - -+
(Satslogiska) konstanter (0-stélliga konnektiv): Ty (Verum), och T, (Falsum).
(Satslogiska) monadiska (1-stélliga) konnektiv (symboler eller operatorer): S
(Det &r sant att), F (Det &r falskt att), — (negation), T, (Verum), och T,
(Falsum).
(Satslogiska) bindra (dyadiska, 2-stilliga) konnektiv (symboler -eller
operatorer): A (konjunktion), v (disjunktion), — ((materiell) implikation), <>
((materiell) ekvivalens), A (negerad konjunktion, NAND), v (negerad
disjunktion, NOR), — (negerad (materiell) implikation), <> (negerad
(materiell) ekvivalens, exklusiv disjunktion, XOR), <— (omvénd (materiell)
implikation), ¢« (negerad omvédnd (materiell) implikation), < (hoger
redundans), > (vénster redundans), < (negerad hoger redundans), > (negerad
vanster redundans), T, (Verum), och T, (Falsum).
Parenteser ) och (.

0-an i Ty och Ty anger att T, och T, ar konstanter, 1-an i T och T, att T,
och T; dr monadiska konnektiv, och 2-an i T, och T, att T, och T, 4r bindra
konnektiv. Jag skall ofta utelimna denna siffra, d& det inte ger upphov till
nagon mangtydighet. Satser som byggs upp med hjilp av Verum eller Falsum
(som huvudkonnektiv) har alltid samma vérdering (se Avsnitt 3.2.1).

2.2. Satser

Med hjélp av de symboler som introducerades ovan i Avsnitt 2.1 &r det
mdjligt att konstruera en méngd olika satslogiska sprdk. Olika satslogiska
sprak kan innehalla olika primitiva tecken. Alla satslogiska sprék innehaller
alla satsbokstdver, hdger och vénster parentes och nagon delméngd
(mgjligtvis tom) av de Ovriga symbolerna i Avsnitt 2.1. Dessa symboler &r
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primitiva. Lat ©, vara ett monadiskt konnektiv och 1at ©, vara ett binért
konnektiv. Ett satslogiskt sprak L{X} &r ett satslogiskt sprék som bestar av
alla satser (vélformade formler) som genereras fran foljande villkor med
hjilp av symbolerna i {X}:

Varje satsbokstav ar en (atomér) sats i L{X}.

Om Ty och T ingér i {X}, sd dr Ty och T (atoméra) satser i L{X}.
Om ©, ér ett element i {X} och A dr en sats i L{X}, s& 4r ©,A en sats
i L{X}.

Om ©, ér ett element i {X} och A och B ir satser i L{X}, s& dr (A©,
B) ensatsi L{X}.

Ingenting annat ar en sats i L{X}.

Satser som inte dr atomaira kallas “komplexa” eller ”’sammansatta”.

©, dr alltsa ett slags satsoperatorer som syntaktiskt tar en sats som argument
och ger en sats som vérde, och ©, ett slags satsoperatorer som syntaktiskt tar
tvd satser som argument och ger en sats som virde. De satslogiska
konnektiven antas representera eller uttrycka olika sanningsfunktioner (se
Avsnitt 3). Det finns 1-stélliga, 2-stilliga, 3-stilliga, 4-stilliga... osv.
sanningsfunktioner. Vi skulle i princip kunna addera satslogiska konnektiv
som motsvarar alla dessa funktioner till vart satslogiska sprak. Vi skall
emellertid koncentrera oss pa konstanter, monadiska och bindra konnektiv i
den hér uppsatsen.

Det minsta spraket L{} bestdr endast av satsbokstéverna och parenteserna.
Extensioner av detta sprak innehéller alla satsbokstdverna, plus alla satser
som kan genereras med hjélp en eller flera satslogiska konnektiv i enlighet
med reglerna ovan. "L{A}”, stér t.ex. for det sprak som endast innehéller det
satslogiska konnektivet A, ”L{—, v}” for det sprak som innehéller — och v
osv. p, q och (pAq) ar t.ex. satser i L{A}, men det &r inte (pvq). p, g, ~(pVq)
ar satser i L{—, v}, medan (pAq) inte &r en vilformad formel i L{—, v}. Osv.

Allmint géller det att en méngd med n element har 2" n (2 upphdjt till n)
delmingder. S4, om vi antar att det finns ett konnektiv for varje
sanningsfunktion, sd finns det 2 ~ 2 = 4 sprék som endast innehéller
satsbokstiver eller konstanter, 2 ~ 6 = 64 sprdk som endast innehéller
satsbokstdver, konstanter eller monadiska konnektiv, och 2 22 = 4194304
sprak som endast innehéller satsbokstéver, konstanter, monadiska eller binira
konnektiv. For det finns 4 monadiska sanningsfunktioner och 16 bindra
sanningsfunktioner (se Avsnitt 3). Ett satslogiskt sprék &r satslogiskt
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fullstindigt om och endast om (omm) det kan uttrycka alla sannings-
funktioner (se Avsnitt 3.5). Inte alla satslogiska sprék ar fullstindiga. Det ar
de fullstindiga sprdken som é&r filosofiskt intressantast. Manga olika sprék ar
fullstdndiga. I fullstindiga sprak kan icke-primitiva termer som motsvarar
alla sanningsfunktioner definieras i termer av de primitiva konnektiven.

Lat en n-méngd vara en méngd med n element och en r-delmédngd av en
méngd vara en delmédngd av denna mdngd med r element. D& denoteras
antalet r-delmangder av en n-méngd med f6ljande symbol (n Gver r):

)

“n!” star for n-fakultet; n! erhalls genom att multiplicera alla naturliga tal fran
Ltilln, dvs.n! =1x2x ... xn. Till exempel, 5! =1 X2 x3 x4 x5=120.
Vi stipulerar att 0! = 1. Mer precist, vi kan anvianda foljande rekursiva
definition: 0! =1!'=1,(n+ 1)! = (n + 1) X n! (n > 1). Lat n och r vara positiva
heltal som uppfyller villkoren 1 < r < n. D& kan vi rdkna ut n &ver r pa
foljande satt (Biggs (2002), s. 107):

[n} Cn(n-D.(n—r+l)  nl

r

r! rl(n—r)! '

Med hjélp av denna formel kan vi ta reda pa hur manga olika sprdk med ett
visst antal primitiva termer det finns. Det finns t.ex. 5 6ver 22 = 26334 sprak
som sammanlagt innehaller 5 primitiva satslogiska symboler (satslogiska
konstanter, monadiska och/eller binédra konnektiv).

2.3. Definitioner

I vissa sprak som inte innehéller alla monadiska och binéra symboler kan vi
infora dessa med hjélp av definitioner. Om vart satslogiska sprak ar full-
standigt, kan vi 1 princip definiera nya satslogiska konnektiv som motsvarar
varje sanningsfunktion. I sprék som inte dr satslogiskt fullstindiga ar detta
inte alltid mdjligt. De satslogiska spraken "L{a}”, "L{v}”. "L{—, A}”, "L{—,
v}” ar t.ex. satslogiskt fullstindiga (de &r inte de enda). Jag skall nu visa hur
Ovriga monadiska och binira konnektiv kan definieras i dessa sprak.

Negerad konjunktion (inte bade och) som enda primitiv operator

T =i (AAA)AA
I =« (Ar(AAA)A(AA(AAA))
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SA =4
FA =4
—A =g
AvB =df
AAB =df
A—B =df
A«B =df
A<B =df
AvB =df
A—B =df
A«<B =df
A<B =g
A>B =4
A<B =y
A>B =4
A<B =df

Daniel Ronnedal

(AAA)A(AAA) (eller A)

(AAA)

(AAA)

(AAA)A(BAB)

(AAB)A(AAB)

AA(BAB)

BA(AAA)
(AABAB)ABAAAAD)A(AABAB)A(BA(AAA)))
((AAA)ABAB)A((AAA)A(BAB))
(AA(BAB))A(AA(BAB))

((AAA)AB)A((AAA)AB)
(AABABAB)A(AABA(BAB))) (eller A)
(BAAA(AAA)))ABA(AA(AAA))) (eller B)
AA(BA(BAB)) (eller AAA)

BA(AA(AAA)) (eller BAB)
(((AAA)ABAB)A(AAB)A(((AAA)A(BAB))A(AAB))

Negerad disjunktion (varken eller) som enda primitiv operator

T ~df
I ~df
SA =df
FA =df
—A =df
AvB =df
AAB =df
A—>B =4
A<—B=4
A<B =df
AAB =df
A—>B =df
A«<B =df
A<B =df
A>B =df
A<B =4
A>B =4
A<B =df

(Av(AvA))V(Av(AVvA))

(AvA)VA

(AvA)Vv(AvVA) (eller A)

(AVvA)

(AVvA)

(AvB)v(AvB)

(AvA)v(BvB)

((AvA)vB)v((AvA)vB)

((BvB)vA)v((BvB)VvA)

((AvA)vB)v((BvB)VvA)
((AvA)v(BvB))v((AvA)v(BvB))

(AvA)vB

Av(BvB)

(AvA)v(Bv(BvB)) (eller A)

(Av(AvA))v(BvB) (eller B)
((AvA)v(Bv(BvB))v((AvA)v(Bv(BvB))) (eller AvA)
((Av(AvA))v(BvB))v((Av(AvA))v(BvB)) (eller BvB)
(((AvA)vB)v((BvB)VA))V(((AvA)vB)v((BvB)VvA))
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Negation (inte) och konjunktion (och) som enda primitiva operatorer

T =df
I =df
SA =4
FA =4
AvB =df
A—B =df
A«B =df
A<B =df
AAB =df
A—B =df
A«<B =df
A<B =g
A>B =4
A<B =y
A>B =g
A<B =df
AvB =df

An—A

A

—A

—|(A/\—|B) AN —|(B A —|A)
AAr—B

—AAB

AA—(BA—B) (eller A)
—(AA—A)AB (eller B)
—|(A/\—|(B A —|B)) (eller —|A)
—(—(AA—=A)AB) (eller =B)
—|(—|A/\—|B)/\—|(A/\B)
—AA—B

Negation (inte) och disjunktion (eller) som enda primitiva operatorer

T =df
T =df
SA =4
FA =4
AAB =df
A—B =df
A«B =df
A<B =df
AAB =df
A—B =df
A«<B =df
A<B =y
A>B =4
A<B =y
A>B =4
A<B =df
AvB =df

Av—-A

—(Av—-A)

A

_|A

—(—=Av—B)

—-AvB

Av—B
—(—(—=AvB)v—(=BVA))
—-Av—B

—(—AVB)

—(Av—B)
—(=Av—=(Bv—B)) (eller A)
—(=(Av—=A)v—B) (eller B)
—Av—(Bv—=B) (eller =A)
—(Av—-A)v—B (eller —B)
—(—(AvB)v—=(-Av—-B))
—(AvB)
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Hur avgdr vi om en definition ar rimlig eller ¢j? Vi &r fria att definiera vara
logiska symboler pé vilket sétt som helst. Men eftersom vi vill att de olika
symbolerna skall representera vissa sanningsfunktioner &ar inte alla
definitioner rimliga. Vi vill t.ex. att v skall representera f,. Givet denna
tolkning, hur avgor vi t.ex. om definitionen av v i termer av A &r rimlig, dvs.
hur avgdr vi om foljande definition ar rimlig: Av B =4 (AAA)A(BAB)? Det
kan vi gbra genom att visa att Av B &r logiskt ekvivalent med (AAA)A(BA
B) da v representerar f, och A representerar f,. Detta kan i sin tur visas t.ex.
med hjilp av sanningstabeller pa sedvanligt sitt. (Ovning: visa att alla
definitioner ovan &r rimliga.)

2.4. Substitution och ersittning

2.4.1. Substitutionsfunktioner

1. En substitutionsfunktion, s, dr en funktion frdn mingden av satsbokstéver
till méngden av vélformade formler. Méngden av vélformade formler varierar
fran sprak till sprék, men substitutionsfunktionerna kan i princip definieras pa
samma sitt for alla sprak.

2. Vi kan utvidga en substitutionsfunktion till en funktion fran méngden av
alla satser till méngden av alla satser. Lat ©, vara ett monadiskt konnektiv
som ingdr i vart sprak, 1at ©, vara ett dyadiskt konnektiv i vart sprak, och lat
T" vara en méngd satser. Resultatet av att tillimpa s pd en godtycklig sats A
kan dé definieras rekursivt pé foljande sétt:

@) Om p &r en satsbokstav, s ges s(p) av 1.

(i)  s(©;A) =Oss(A).

(i)  s(A©,B) = (s(A)©,s(B)).

3. s(I') = {s(A): A érettelementil}.

Exempel. (i) Lat s(p) = q och s(A) = A for varje annan satsbokstav. Da
giller det att s(—p — —p) = (s(=p) = s(—=p)) [frén 2.(iii)] = (=s(p) = —s(p))
[frén 2.(i1))] = (—q — —q) [frdn definitionen av s]. (ii) s(=p = =(p A 1)) =
(s(=p) = s(—~(p A1) [frén 2.(iii)] = (=s(p) = —s(p A1) [frén 2.(ii)] = (—s(p)
——=(s(p)As(r))) [fran 2.(iii)] = (—-q——(qAr)) [fran definitionen av s]. B

Om s(b) = B, sé skall vi ocksa anvinda foljande notation ”[B/b]” for ”’s”,
dvs. [B/b] &r en substitutionsfunktion som for argumentet b ger virdet B.

Lat b vara en godtycklig satsbokstav och 14t A och B vara godtyckliga
vilformade formler i vart sprak. Da ar [B/b](A) (eller (A)[B/b]) den sats som
ar resultatet av att substituera (byta ut) varje forekomst av b i A med B, dvs.
[B/b](A) (eller (A)[B/b]) ar resultatet av att tillimpa [B/b] pa A. Om b inte
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forekommer 1 A, sd ar [B/b](A) = A. (Om A t.ex. ar en satsbokstav skild fran
b, sa dr [B/b](A)= A.) En sats A’ kallas en omedelbar substitutionsinstans av
A omm det finns en sats p i A och nagon vélformad formel B sddan att A’ =
[B/pl(A).

Exempel. Lit b =p, B=(pAq) och A = (p—p). Da ér [B/b](A) = [(pA
Q/plp—p) =((pAQ—(pAQ). Litb=gq,B=((p—>r)—>1)och A= (p—(q
—1)). Dé ir [B](A) = [(p— D) —=1D/ql(p—= (q—1) = (p— (p—>1)—>1) -
r)). Litb =1, B=(pv—p) och A = (p—p). Da ér [B/b](A) = [(pv—p)/1l(p—
p)=(—p).- .

2.4.2. Simultan substitution

Om s(b;) = By, ..., och s(b,) = B, skall vi ocksa anvidnda foljande notation
”[By/by, ..., By/b,]” for ”’s”, dvs. [B,/by, ..., By/b,] dr en substitutionsfunktion
som for argumentet b, ger véirdet By, ..., och for argumentet b, ger véirdet B,,.

Latby, ..., b, vara godtyckliga distinkta (icke-identiska) satsbokstiver och
lat A och By, ..., B, vara godtyckliga vélformade formler. D4 ir [B,/by, ...,
B./b,](A) (eller (A)[B,/by, ..., By/b,]) den sats som é&r resultatet av simultan
substitution av By, ..., B, for by, ..., b, for alla forekomster av by, ..., b, 1 A,
dvs. [By/by, ..., Bi/bul(A) ((A)[By/by, ..., By/b,]) ér resultatet av att tillimpa
substitutionsfunktionen [B,/b;, ..., By/b,] pd A. Det ar tillatet att inte alla

satsbokstiver by, ..., b, forekommer i A. Om ingen av by, ..., b, forekommer
i A, s& ar [By/by, ..., B/byJ(A) = A. En sats A’ kallas en simultan
substitutionsinstans av A omm det finns négra satser by, ..., b, i A och nigra

vilformade formler By, ..., B, sddana att A’ = [B,/by, ..., B/b,](A).

Exempel. Latb, =p,b,=q,B;=1,B,=soch A=((p—>q)—>(—pVvQq).
Di ir [By/by, Bo/ba](A) = [/p, s/q)((p— @) = (—pv @) = ((r—5) = (=rvs)).
Latb,=p,b,=q,B1=q,B,=(pAs)och A=((pAq)—(pVvq)). Dé ar [B,/by,
B./by](A) = [a/p, pAs/ql(pAQ) = (pV Q) = ((qA(pAS)) = (qv(pas))). Lat by
=p,by=q, by;=r,B =1, B,=(sv—=s), B3 =q, och A =(pvqvr). D& ar
[Bi/bi, Bo/ba, By/bs(A) = [t/py, (sv—s)/d, Ga/l(pv V) = (pv (sv—s)v ). B

Notera att en och samma satsbokstav inte ersitts med olika satser nér vi
anvander en substitutionsfunktion. Olika satsbokstidver kan emellertid erséttas
med samma sats. —(p A—p) 4r t.ex. en substitutionsinstans av —(p A—q), men
—(pA—q) dr inte en substitutionsinstans av —(p A—p).

Vi skall sdga att en substitutionsfunktion som &r injektiv och vars
rackvidd dr mingden av alla satsbokstaver &r en dterbokstavering.

Notera ocksa skillnaden mellan successiva substitutioner och simultana
substitutioner. B
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Exempel. Lat A = (p—>q)— (—p—q). Dé ar [pAg/p, p/q](A) inte identisk
med [p A q¢/pl([p/ql(A)); [p A 9/p, p/q](A) &r inte identisk med [p/q]([p A
a/p](A)) och [p A g/p]([p/q](A)) ér inte identisk med [p/q]([p A q/p](A)). [pA
ap, palp> 9 =>Ep—>9) =((pArgQ =>p) > ((pPArqg —p)[pAa
a/pl(lp/al((p—> @) = (=p—>9) = [pAd/pl((p—p) = (=p—p)) = (PAQ) —(p
AQ))— (=(pAq) = (pAQq)) och [p/q]([pAa/pl((p— @) = (=p—>q))) = [p/q](((p
AQ)—q) > (=(pAqQ)—q) = ((pAp) > p) > (—(pAp)—p). B

2.4.3. Ersiittning

Uttrycket ”[C//B](A)” (eller ”(A)[C//B]”) star for resultatet av att ersitta
(byta ut) noll eller flera forekomster av B med C i A. ”[C//B](A)” kan
beteckna olika satser i olika kontexter. Om det &r klart att vi talar om
ersittning och inte substitution, sd kan erséttningsoperationen betecknas pa
samma sdtt som substitutionsfunktionerna, dvs. ”[C/B]J(A)” (eller
“(A)C/BT”).

Exempel. Lat A = (pAq) = (p —>q), B =p och C = —p. Da kan
[C//B](A), dvs. [—p//pl((pAq) — (p — q)), std for nagon av foljande satser:
(PAr—>(P—q), (—pArg—=>(p—q), (pAq) = (=—p—q) eller (—pArq)—
(—p—q). Lat A=—=(pA—p), B=p och C =pAp. Da kan [C//B](A), dvs. [p
ADP//pl(—(pA—p)) std for ndgon av foljande satser: —(p A—p), =((pAP)A—D),
—(pA—(pAp)) eller =((pAp)A—(pAp)). B

2.4.4. Simultan ersiittning

Foljande notation [Ci//By, ..., Cy//B,](A) star for resultatet av att samtidigt
(simultant) ersétta noll eller flera forekomster av B; med C; och ... och
ersdtta noll eller flera forekomster av B, med C, 1 A.

Exempel. Lit A =p—>(—qvr), By =p, B,=—qvr,C;=——poch C, =
(q—r1). Da kan [C,//B,, C,//B5](A), dvs. [—p//p, (q—>1)//(—qV1)](p = (—qV
1)) std for ndgon av foljande satser: p— (—qVvr), =——p—>(—=qVr), p—>(q—1),
eller —p—(q—r). A

For mer information om ersittning och simultan erséttning, se Avsnitt 4.1.

I Avsnitt 4.1 kommer jag att ta upp nigra ersittnings- och substitutions-
regler, som anvinder begreppen erséttning och substitution. Erséttning
padminner om substitution, men det finns ocksd ndgra viktiga skillnader
mellan dessa begrepp da de anvénds i vara regler.

Da vi ersdtter (byter uf) A mot B krévs det att A <> B ér ett teorem, da vi
substituerar A for p ar det inte nddviandigt att A <> p ar ett teorem.
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Da vi ersdtter A med B i en sats S behdver vi inte byta ut varje forekomst
av A i S, men da vi substituerar A for p i S, maste vi byta ut varje forekomst
avpiS mot A.

Nér vi substituerar A for p, maste p vara atomér, men det ar inte
nodvindigt att A dr atomir, om vi ersdtter A med B. B kan emellertid vara
komplex sé vil som atomaér i bada fallen. (Se vidare Avsnitt 4.1.)

3. Semantik

Léat C vara méngden av alla konnektiv som ingar i vart sprak, V en méngd
sanningsvéarden, D en médngd designerade sanningsvérden (D &r en delméngd
av V), och {fe: © € C} en mingd sanningsfunktioner, en for varje konnektiv
© 1 C. Om © ér ett n-stilligt konnektiv, sa dr fo en n-stéllig sanningsfunktion.
Da kan klassisk satslogik sdgas vara definierad av f6ljande struktur: <V, D,
{fo: © € C}>. V innehéller sanningsvdrdena T (Det Sanna) och F (Det
Falska). Ty enligt klassisk satslogik &r varje sats antingen sann eller falsk och
inte bade sann och falsk, och varje sats kan betraktas som ett namn pa ett av
dessa virden. D utgérs av de sanningsvirden som bevaras i giltiga
slutledningar. Enligt klassisk satslogik ar det sanning som bevaras i giltiga
slutledningar. Alltsa r D = {T}. For varje konnektiv © i C géller det att fo &r
den sanningsfunktion ”©” refererar till, denoterar, star for, eller uttrycker. De
monadiska konnektiven uttrycker 1-stélliga sanningsfunktioner, de bindra
konnektiven uttrycker 2-stéilliga sanningsfunktioner osv. En 1-stillig
sanningsfunktion &r en funktion som tar ett sanningsvérde som argument och
ger ett sanningsvirde som vérde, en 2-stdllig sanningsfunktion &r en funktion
som tar tvd sanningsvéirden som input och ger ett sanningsvérde som output,
osv. 7" star tex. for den I-stdlliga sanningsfunktionen f_, som for
argumentet T ger virdet F och argumentet F ger virdet T, dvs. £ (T) =F, och
f_(F) = T. ”A” denoterar den 2-stdlliga sanningsfunktionen f, som ger vérdet
T omm bada argumenten &r T (om minst ett av argumenten dr F ger den
vérdet F), dvs. f(T, T) =T, £(T, F) = F, f.(F, T) =F, och f(F, F) = F. "v”
refererar till den 2-stdlliga sanningsfunktionen f,. £(T, T) = F, £(T, F) = F,
f(F, T)=F, f(F, F)=T. Osv.'

! Tanken att de satslogiska konnektiven uttrycker sanningsfunktioner och att satser ir ett slags
namn pa sanningsvirden utvecklades av en av den moderna logikens frimsta pionjérer Frege, se
t.ex. (1879), (1995). Teorin kan forefalla vara prima facie kontraintuitiv. Den tycks medfora att
sanningen och falskheten &r ett slags objekt och att alla sanna satser betyder samma sak. Men ar
inte sanningen en egenskap eller en relation? Och kan inte olika sanna satser ha olika betydelser?
Det finns inte utrymme i den hdr uppsatsen att diskutera dessa fragor. Teorin har emellertid visat
sig vara enormt fruktbar. For mer information om sanningsvirden och -funktioner, se t.ex.
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En sanningsfunktion som tar n argument ar definierad for 2" n (2 upphdjt
till n) olika argument. For varje sddant argument antar funktionen ett av tva
mdjliga virden (Det Sanna eller Det Falska), vilket innebér att det finns 2 (2
~n) (2 upphdojt till 2 upphojt till n) olika sanningsfunktioner med n argument.
Saledes finns det t.ex. 4 olika sanningsfunktioner som tar 1 argument, 16
olika sanningsfunktioner som tar 2 argument, 256 sanningsfunktioner som tar
3 argument osv.

Varje sanningsfunktion kan beskrivas av en sanningstabell, dar vi for
varje méjlig sekvens av n sanningsvdrden anger det sanningsvérde, som
funktionen tilldelar sekvensen, eller — som man ocksa kan uttrycka det — det
sanningsvérde, som funktionen antar nédr argumentet utgors av sekvensen
ifraga. Tabell 1 sammanfattar alla 1-stélliga sanningsfunktioner, och Tabell 2
innehéller alla 2-stilliga sanningsfunktioner.

A S F — T T

S S F F S F

F F S S S F
Tabell 1

Tabell 1 skall ldsas pa foljande sdtt. Om A &r sann, sa dr SA sann; och om A
ar falsk, sd ar SA falsk. Om A &r sann, sé ar —A falsk; och om A ar falsk, sa
dr —A sann. TA dr sann oberoende av om A ar sann eller falsk; TA ar falsk
oberoende av om A ir sann eller falsk. Osv.

A B |A (A |V |V Dol |< (<> |>|T|TI

S |S |S|F |S |F |S |F |S |F |S |F |S|F |S |F |S |F

F |S |F|S|S |F |S |F |F S |F |S |F |S |S |F |S |F

S |F |\F (S |S |F |F |S |F |S |S |F |S |F |F S |S |F

F |F |F |S |F |S |S |F |S |F |[S |F |[F |[S |F |[S |S |F
Tabell 2

Tabell 2 skall ldsas pa foljande sdtt. Om A &r sann och B &r sann, s &r AAB
sann. Om A &r falsk och B &r sann, sa dr A AB falsk. Om A 4r sann och B ar
falsk, s& ar A A B falsk. Och om A ar falsk och B é&r falsk, sa ar A A B falsk.
Osv. Tabellen innehaller s.a.s. sanningstabellerna for alla binira konnektiv.

Gabriel (1984), Shramko & Wansing (red.). (2009), (2009b). Olika sanningsteorier presenteras
bl.a. i Kirkham (1992) och Kiinne (2003).
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En virdering eller tolkning, v, dr en funktion fran satsbokstiverna till
sanningsvérdena i V. For varje satsbokstav, p, giller det att v(p) antingen &r T
eller F och inte bdde T och F; dvs. varje atomir sats dr antingen sann eller
falsk, och inte bade sann och falsk. Om v(A) = T, s skall vi séga att A ar
sann under virderingen (eller tolkningen) v eller att v goér A sann; om v(A) =
F, sa skall vi séiga att A &r falsk under virderingen (eller tolkningen) v eller
att v gor A falsk. Antag att vart sprak innehaller konstanterna T och T. Da
giller det att v(T) = T och att v(T) = F, for varje véirdering v, dvs. T ar alltid
sann under varje virdering och T dr alltid falsk under varje vérdering. En
sddan funktion kan utdkas till en funktion fran alla satser till V genom att
tillimpa de olika sanningsfunktionerna rekursivt. Lat © vara ett monadiskt
konnektiv och ® ett binért konnektiv. D4 géller det att:

1) V(OA) =fe(v(A)).

(i)  v(A®B)=fg(v(A), v(B)).

Exempel. v(—(pv Q) = £ (v(pv Q) = £ (E(v(p), v())). Antag att v(p) = F
och v(q) = F, dvs. att bade p och q ar falska. Da ar f,(v(p), v(q)) = F. Det
foljer att £ (f,(v(p), v(q))) =S, dvs. f (f(F, F)) = S. Med andra ord, v(—(p Vv
q)) =S, dvs. =(pvq) &r sann under vérderingen v. B

Vi skall kalla <V, D, {fo: © € C}> for en vérdestruktur eller en ram. En
vardestruktur tillsammans med en vérderings- eller tolkningsfunktion, <V, D,
{fe: © € C}, v>, dr en modell. Givet denna begreppsapparat kan vi ocksa
séga att en sats A &r sann i en modell <V, D, {f¢: © € C}, v> omm A &r sann
under v; och att en sats A &r falsk i en modell <V, D, {fo: © € C}, v>omm A
ar falsk under v.>

3.1. Nagra centrala semantiska begrepp
Jag skall nu definiera nagra grundldggande semantiska begrepp.

Logisk sanning. En sats A &r (sats)logiskt sann omm den &r sann under
varje virdering. En sats som dr satslogiskt sann brukar ocksa kallas for en
tautologi.

Logisk falskhet. En sats A dr (sats)logiskt falsk omm den ar falsk under
varje vérdering.

2 Denna grundliggande typ av semantik kan enkelt utvidgas till s.k. flervird logik, som antar att
det finns fler sanningsvérden dn Det Sanna och Det Falska, t.ex. Det Obestdmda (varken sanna
eller falska). Vi antar da helt enkelt att V innehaller dessa extra sanningsvéirden och betraktar
sanningsfunktionerna som funktioner som tar input fran V och ger ett virde fran V. D utgér
fortfarande en delméngd av V och virderingsfunktionen tilldelar satsbokstéverna ett och endast
ett sanningsvérde i V. For mer information om flervard logik, se t.ex. Haack (1974), Priest
(2008), Kap. 7-9, Hahnle (2001) och Urquhart (2001).
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Satisfierbarhet (satser). En sats A ar satisfierbar omm den &r sann under
minst en virdering.

Falsifierbarhet (satser). En sats A &r falsifierbar omm den ar falsk under
minst en véirdering.

Logisk kontingens. En sats A dr (sats)logiskt kontingent omm den é&r
satisfierbar och falsifierbar, dvs. omm den 4r sann under minst en véirdering
och falsk under minst en vérdering.

Logisk implikation. En sats A implicerar (sats)logiskt (medfor
satslogiskt) en sats B omm B &r sann under varje virdering som A ir sann.
Ekvivalent: omm A — B ér (sats)logiskt sann.

Logisk ekvivalens. Tva satser, A och B, dr (sats)logiskt ekvivalenta omm
de har samma sanningsvirde (som varandra) under varje vérdering.
Ekvivalent: omm A <> B ir satslogiskt sann. Ekvivalent: omm A medfér B
och B medfor A. Ekvivalent: omm A — B och B— A ir satslogiskt sanna.

Logisk foljd. En méngd satser I' medfor en sats B omm det inte finns
nagon virdering som gor alla premisser i I" sanna och slutsatsen B falsk. Om
I" medfor B skall vi ocksé séga att B foljer (sats)logiskt ur I'. Med andra ord:
B f6ljer ur I' omm varje virdering som gor alla satser i I" sanna ocksa gor B
sann.

Satisfierbarhet (méingder av satser). En mingd satser I" dr satisfierbar
omm det finns minst en virdering som gor alla satser i " sanna.

Falsifierbarhet (miingder av satser). En mingd satser &r falsifierbar
omm det finns minst en vérdering som gor alla satser i I" falska.

3.2. Nagra sanningsfunktioner

Flera satslogiska konnektiv och sanningsfunktioner ar mycket vilkénda; —,
A, V, =, och <> presenteras t.ex. i nédstan varje introduktion till satslogiken.
Andra konnektiv och de sanningsfunktioner de representerar dr mindre
utforskade. I det hér avsnittet skall jag sidga lite om ndgra av de senare.

3.2.1. T (Verum) och T (Falsum)

Verum, T, och Falsum, T, kan tolkas som konstanter (T,, T,), monadiska
”sanningsfunktioner” (T;, T) eller dyadiska sanningsfunktioner” (T,, T,).
Som konstanter dr de i sig vélformade; T, och T &r vilformade. D& Verum
och Falsum tolkas som monadiska satsoperatorer géller det att om A &r en
sats, s dr TA och TA satser. D& de betraktas som dyadiska satsoperatorer
giller det att om A och B ir satser, sa & A T B och A T B satser. Som
funktioner tar de oss alltid till Det Sanna, respektive Det Falska. TA ar sann
oavsett vilket sanningsvirde A har och TA ar falsk oavsett vilket
sanningsvérde A har. ATB &r sann oavsett vilka sanningsvirden A och B har;
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och A T B ér falsk oavsett vilka sanningsvirden A och B har. Foljande
ekvivalenser &r satslogiskt sanna:

ToTAST(AAB)< (TAATB)«>(ATB)

ToTAST(AAB)& (TAATB)— (ATB)

A (AT A omm A &r ekvivalent med Verum.

SA<(A<>T) Detérsantatt A omm A &r ekvivalent med Verum.
—A<(A—T) Inte A omm A ér ekvivalent med Falsum.

FA<(A<>T) Detir falskt att A omm A &r ekvivalent med Falsum.

L&t © vara ett bindrt konnektiv. Da géller det generellt att (A©B) < T) <>
(A T)O(B«T)) ér satslogiskt sann.

3.2.2. S (Det ér sant att) och F (Det ir falskt att)

Jag har ovan introducerat tvd monadiska satsoperatorer S och F, som inte
brukar inga i olika satslogiska sprak. Den monadiska satsoperatorn S tar oss
fran Det Sanna till Det Sanna och fradn Det Falska till Det Falska, medan F tar
oss fran Det Sanna till Det Falska och fran Det Falska till Det Sanna. Jag vill
nu argumentera for att det &r fruktbart att inféra dessa operatorer eftersom de
ofta kan anvindas for att symbolisera uttrycken “Det &r sant att” respektive
”Det &r falskt att”. Jag skall med andra ord argumentera for att uttrycken Det
dar sant att” och ”Det ar falskt att” ofta i svenska anvénds for att uttrycka ett
slags sanningsfunktioner och att detsamma géller manga andra liknande
uttryck i andra naturliga sprék, sdsom de engelska uttrycken It is true that”
och "It is false that”. Detta kan ses som ett komplement till andra klassiska
sanningsteorier. Jag skall kalla denna teori (eller hypotes) for den
funktionella sanningsteorin (for uttrycken ”Det &r sant att” och ”Det ar falskt
att”). Notera forst att alla satser i foljande tabell (Tabell 3) ar logiskt sanna:

SAVFA, -(SAAFA), SA— A, SA < —FA, FA < —SA, FA <> —A (enligt
denna ekvivalens uttrycker ”Det &r falskt att” samma sanningsfunktion som
”Det dr inte fallet att”), S—A <> —SA, S(AAB) <> (SAASB), S(AvB)«>(SA
vSB), S(A—B)<(SA—SB), S(A<~B)< (SA«<>SB).

Faktum &r att det generellt géller att S(A © B) <> (SA © SB) for alla bindra
konnektiv.’

Tabell 3

® Dvs. dven foljande satser ar logiskt sanna: S(A AB) <> (SAASB), S(AvB) <« (SAVSB), S(A—
B) > (SA = SB), S(A <~ B) <> (SA < SB), S(A & B) <> (SA & SB), S(A<B) <> (SA<SB), S(A
>B)<>(SA>SB), S(ATA) <> (SATSB), S(ATA) <> (SATSB), S(A <« B)<> (SA«SB), S(A<
B)«<>(SA<SB), S(A>B)«>(SA>SB).
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Har foljer tre argument for den funktionella sanningsteorin.
Argument 1. Teorin kan forklara en miangd plattityder om uttrycken “Det
ar sant att” och “Det &r falskt att”. Alla satser nedan tycks t.ex. vara sanna.
Varje sats ér antingen sann eller falsk, dvs. det ar sant att A eller det ar
falskt att A (for varje A).
Ingen sats dr bade sann och falsk, dvs. det 4r inte fallet att det ar sant
att A och att det ar falskt att A (for ndgot A).
Det ar sant att A omm A.
Det &r sant att A omm det inte &r falskt att A.
Det &r falskt att A omm det inte 4r sant att A.
Det ar falskt att A omm det inte ar fallet att A.
Det dr sant att inte-A omm det inte 4r sant att A.
Det dr sant att A och B omm det &r sant att A och det &r sant att B.
Det dr sant att A eller B omm det &r sant att A eller det 4r sant att B.
Det dr sant att om A sa B omm om det &r sant att A sa ar det sant att
B.
Det dr sant att A omm B omm det ar sant att A omm det &r sant att B.

Alla dessa satser foljer ur den funktionella sanningsteorin, eftersom alla
satser i Tabell 3 ar satslogiskt sanna. Detta talar for den funktionella
sanningsteorin.

Argument 2. Teorin kan forklara varfor uttrycket ”Det dr sant att” ar
redundant i en viss mening. ”Det dr sant att A” dr, om den funktionella
sanningsteorin dr sann, ekvivalent med ”A”. Varje sats av formen "SA” &r
ekvivalent med en sats som inte innehdaller ”S”, som vi har sett ovan. Men vi
kan visa nagot starkare. Vi kan visa att varje sats som innehéller S (Det ar
sant att) dr ekvivalent med en sats som inte innehéller detta konnektiv. (Detta
ar latt att se i ljuset av de ekvivalenser som omndmns i Tabell 3 ovan.) Allt
som kan sidgas med sanningsbegreppet kan dérfor i en viss mening sdgas utan
det.*

Argument 3. Teorin kan forklara varfor det s.k. regressproblemet inte &r
nagot problem. Detta hdnger ihop med punkten omedelbar ovan. Manga
filosofer har uppméirksammat att varje sanning tycks ge upphov till en

* Konnektivet F (Det #r falskt att) &r redundant i vissa system men inte i alla. I ett sprak som
innehaller negationstecknet och disjunktionstecknet ar det t.ex. redundant. Men i ett sprak som
innehaller enbart F och konjunktionstecknet dr det t.ex. inte redundant. Det &r inte redundant
eftersom spraket L{A} inte dr sanningsfunktionellt komplett. Stryker man F fran L{F, A} kan
man inte uttrycka alla mojliga sanningsfunktioner.
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odndlig méngd nya sanningar. Om A, si ar det sant att A. Om det &r sant att
A, sa dr det sant att det dr sant att A. Om det dr sant att det &r sant att A, si...
For vissa sanningsteorier dr en sddan odndligt serie med sanningar mojligtvis
problematisk, t.ex. om vi antar att varje sanning korresponderar med ett unikt
faktum. I sa fall maste vi anta att det existerar en odndlig méngd fakta for
varje sanning. Det kan diskuteras om detta verkligen ar ett problem. Men
oavsett hur det forhéller sig med den saken, tycks det inte vara ett problem
for den funktionella sanningsteorin. Visserligen géller det att A <>SA <> SSA
<>SSSA... osv. Men detta tycks vara fullstindigt oproblematiskt.

3.2.3. Varken eller, Inte bade och, och Exklusivt eller

Det tycks inte finnas nagra enskilda ord i svenskan som svarar mot
konnektiven v, A, <>, pd samma sitt som t.ex. “eller” svarar mot v och “och”
mot A. Visserligen finns det vissa som menar att eller” kan tolkas pa tva
olika sitt: ”inklusivt” eller “exklusivt”. Enligt den inklusiva” ldsningen &r
”A eller B” sann om bdde A och B &r sanna; enligt den exklusiva
interpretationen ar A eller B” falsk nir bade A och B ér sanna. Om det hér &r
riktigt, kan <> anvéndas for att uttrycka den exklusiva tolkningen. Inte alla
haller dock med om att eller” 4r mangtydigt pa detta sitt. A v B” kan lésas
”varken A eller B”; och ”AAB” ”inte bade A och B”. Vad ir forklaringen till
att det tycks finnas svenska ord som uttrycker vissa bindra
sanningsfunktioner, men att inte alla sanningsfunktioner tycks kunna
uttryckas med enskilda ord? En mdjlig forklaring ar att t.ex. “varken eller”,
”inte bade och” och “exklusivt eller” &r “negationerna” av “eller”, ”och”
respektive “om och endast om” och att de darfor dr mer komplicerade. Men
det ar tveksamt om denna forklaring &r tillricklig. Det omvéanda géller ju
ocksé: “eller”, “och” och “om och endast om” &r “negationerna” av “varken
eller”, ”inte bade och”, respektive ”inte om och endast om”. Troligtvis &r det
dock mer naturligt f6r ménniskor att handskas med vissa sanningsfunktioner.
Man skulle kunna tdnka sig att infora ett antal nya svenska ord som uttrycker
de sanningsfunktioner som denoteras av v, A, och <>, tex. “neller” for
varken eller, noch” for inte bade och, och ”xeller” for exklusivt eller. Men
det lar nog drdja innan Svenska Akademien tar in dessa nyord i sin ordlista.

3.3. Formella egenskaper hos de biniira sanningsfunktionerna

I det hér avsnittet kommer jag att undersoka vilka formella egenskaper de
olika bindra konnektiven eller sanningsfunktionerna har. Jag kommer att
koncentrera mig pa reflexivitet, irreflexivitet, symmetri (kommutativitet),
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asymmetri, transitivitet, intransitivitet, associativitet och idempotens. Jag
skall borja med att definiera hur dessa begrepp anvénds i den hér uppsatsen.
Lat © vara ett binért konnektiv. D4 géller foljande:

© dr reflexivt omm A©A ér logiskt sann.

© ér irreflexivt omm —(A© A) &r logiskt sann.

© &r symmetriskt omm (A©B)—(BOA) ér logiskt sann.

© dr kommutativt omm (A ©B) <« (BOA) ir logiskt sann.

© dr asymmetriskt omm (A©B)—>—=(B©A) ir logiskt sann.

© ér transitivt omm ((A©OB)A(BOC))—(A©OC) ér logiskt sann.

© ér intransitivt omm ((A©B)A(BOC))—>—(A©C) ar logiskt sann.
© ér associativt omm (A©(BOC)) <> ((A©B)©OC) ir logiskt sann.
© dr idempotent omm (A©A) <> A ir logiskt sann.

Om ett konnektiv © &r reflexivt, transitivt etc. i denna mening, s& skall vi
ocksad sdga att den sanningsfunktion fo som detta konnektiv uttrycker &r
reflexivt, transitivt osv. (Ovning: bevisa alla resultat i Avsnitt 3.3 och 3.4.)

Reflexivitet. Foljande konnektiv dr reflexiva: —, <, <>, och T. Inga
andra konnektiv ér reflexiva, dvs. inget av foljande konnektiv ar reflexivt: —,
NV, V, O AN T > <> <

Irreflexivitet. Foljande konnektiv &r irreflexiva: —, <, <>, T. Inga andra
konnektiv ar irreflexiva, dvs. inget av foljande konnektiv &r irreflexivt: —,
NV, V, O AN T, > <> <

Symmetri. Foljande konnektiv dr symmetriska (kommutativa): A, v, <,
<, T, T, A, v. Inga andra konnektiv dr symmetriska (kommutativa), dvs.
inget av foljande konnektiv dr symmetriskt: —, =, ¢, «, >, < > <.

Asymmetri. Foljande konnektiv dr asymmetriska: —, <, T. Inga andra
konnektiv dr asymmetriska, dvs. inget av foljande konnektiv dr asymmetriskt:
D, V,V, O, A A T,>, <> <,

Transitivitet. Foljande konnektiv ar transitiva: —, =, ¢, <=, v, &, A, T,
T,>, <, >, <. Inga andra konnektiv &r transitiva, dvs. inget av foljande
konnektiv dr transitivt: v, <>, A.

Intransitivitet. Foljande konnektiv &r intransitiva: —, <, <, T.

Inga andra konnektiv &r intransitiva, dvs. inget av foljande konnektiv ar
intransitivt: =, <—, VvV, vV, <, AL A, T, >, <, > <,

Associativitet. Foljande konnektiv ar associativa: A, v, <>, <&, <,> T, T.
Inga andra konnektiv dr associativa, dvs. inget av foljande konnektiv &r
associativt: —, =, ¢—, <=, V, A, >, <.
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Idempotens. Foljande konnektiv dr idempotenta: A, v, <, >. Inga andra
konnektiv dr idempotenta, dvs. inget av foljande konnektiv dr idempotent: —,
%7 e? e? \/’ H, H’ /\, T’ I, Z? S'

3.4. Relationer mellan olika biniira konnektiv

Vi har nu undersokt nigra formella egenskaper hos vara konnektiv. I det hir
och nista tva avsnitt skall vi se ndrmare pa nigra relationer mellan de olika
konnektiven eller sanningsfunktionerna. Det hir avsnittet innehaller en lista
pa de konnektiv som “distribuerar” 6ver konjunktion och disjunktion.

Distribution. Ett binért konnektiv, ©, dr distributivt (distribuerar) &ver
det binira konnektivet, ®, omm (A © (B® C)) <> (A©B)® (A© Q)) ar
logiskt sann.

Distributiva 6ver konjunktion. (A © (B A C)) & ((A© B) A (A © Q)).
Foljande konnektiv dr distributiva (distribuerar) 6ver konjunktion: —, <, v,
A, <, <, >, T, T. Foljande konnektiv ar inte distributiva (distribuerar inte) 6ver
konjunktion: =, <—, v, <>, <>, A, >

Distributiva éver disjunktion. (A © (B v C)) & (A © B) v (A © Q).
Foljande konnektiv ar distributiva (distribuerar) 6ver disjunktion: A, v, <, —,
«—, <, > T, T. Foljande konnektiv dr inte distributiva (distribuerar inte) dver
disjunktion: A, v, >, <>, <, =, ©.

3.4.1. Implikationer mellan binédra konnektiv

Figur 1 nedan bestir av tvd oktagoner. Sammanlagt innehaller figuren 16
noder. Varje nod representerar ett bindrt konnektiv (och en 2-stillig
sanningsfunktion). Figuren visar den relativa styrkan hos de binéra
sanningsfunktionerna. © &r minst lika starkt som (implicerar eller medfor) ®
omm (A © B) - (A® B) dr logiskt sann. Alla konnektiv dr minst lika starka
som sig sjélva. © é&r starkare &n ® omm © implicerar ®, men ® inte
implicerar ©. Inget konnektiv ar starkare 4n sig sjdlvt. © och ® é&r lika starka
omm © implicerar ® och ® implicerar ©. En operator hogre upp i Figur 1 &r
starkare &n en operator lingre ned om den senare kan nas fran den tidigare
via en linje. T &r starkast, T implicerar alla andra konnektiv; T ar svagast, T
impliceras av alla konnektiv. Det &r trivialt sant att T implicerar alla
konnektiv, eftersom en implikation med falsk forsats dr sann oberoende av
vilket sanningsvirde eftersatsen har. Det r trivialt sant att T impliceras av
alla konnektiv, eftersom en implikation med sann eftersats &r sann oberoende
av vilket sanningsvérde forsatsen har. Tva konnektiv &r ojamforbara omm det
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varken &r fallet att det tidigare implicerar det senare eller att det senare
implicerar det tidigare.

Exempel. Fran Figur 1 kan vi t.ex. avldsa att A implicerar: A, <, >, v, <,
—, <, T, och inga andra konnektiv. <> implicerar: <>, —, <, T och inga
andra konnektiv. v implicerar: v och T, och inga andra konnektiv. A och v &r
ojdmforbara; och v och A dr ojimforbara. B

Figur 1

3.4.2. Kontradiktoriska, kontrira och subkontrira konnektiv

Logisk implikation &r inte den enda typen av relation mellan olika konnektiv.
Konnektiv (och de sanningsfunktioner de representerar) kan ocksa vara t.ex.
kontradiktoriska, kontrira eller subkontrdra. Lat © och ® vara tva bindra
konnektiv. Da definierar vi dessa begrepp pé foljande sétt:

© och ® ir kontradiktoriska omm (A©B) <> —(A®B) &r logiskt sann.
© och ® ar kontrdra omm —((A©B)A(A®B)) dr logiskt sann.
© och ® ar subkontrdra omm (A © B)v(A®B) ir logiskt sann.

Satser som befinner sig mitt emot varandra i den yttre eller inre oktagonen &r
kontradiktoriska (Figur 1, 2, och 3). © och © #&r kontradiktoriska. En
understruken operator ar kontradiktorisk med motsvarande operator som inte
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ar understruken. Den understrukna operatorn &r s.a.s “negationen” av den
icke understrukna operatorn (och tvédrtom). (A © B) <> —(A © B) ér logiskt
sann, dvs. (A©B) och —(A ©B) ar logiskt ekvivalenta (och tvirtom).

Figur 2

Figur 2 och 3 innehéller information om hur de olika konnektiven ar
relaterade till varandra, om de ar kontradiktoriska, kontrdra eller subkontréira.
Om tvé satser dr forbunda med varandra med en streckad linje som bestér av
langa streck, sé ar de kontrdra. Om tva satser ar forbundna med varandra med
en streckad linje som bestir av halvlénga streck, s& dr de kontradiktoriska.
Om tva satser dr forbundna med varandra med en prickad linje, sa ar de
subkontréra.

Exempel. Figur 2: A och A &r kontradiktoriska; A och v &r kontréra; v och
A &r subkontrdra. Figur 3: — och — é&r kontradiktoriska; — och « ar
kontrira; — och < dr subkontrira.

Det finns ocksa vissa forhallanden mellan konnektiven i den yttre och i
den inre oktagonen i Figur 1, eller mellan konnektiven i Figur 2 och de i
Figur 3. Foljande konnektiv &r kontréra eller subkontréra.

Kontrira konnektiv: A och <—; A och >; A och —=; A och <&; v och —; v
och >; v och «<—; v och &; <och «; <och —.
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Subkontrira konnektiv: <> och v; <> och A; > och A; > och v; < och
Vv; <—och A; > ochv; = och A; <och —;<och«. R

«

Figur 3

3.5. Fullstiindiga uppsittningar konnektiv

En uppsittning konnektiv (ett enskilt konnektiv) ar satslogiskt fullstdndigt
(eller komplett) omm det kan uttrycka alla sanningsfunktioner (av stéllighet 1
eller hogre). Har foljer nagra exempel pé fullstdndiga och icke fullstdndiga
uppséttningar konnektiv.

Exempel. Exempel péa fullstindiga uppséttningar konnektiv: {a}, {v},
{—, v}, {—, A}, {—, =}, {I, -}. Exempel pad méngder av konnektiv som
inte dr fullstdndiga: {A, =}, {v, —}. v (varken eller), och A (inte bade och)
ar de enda (binéra) konnektiv som sjélva ar fullstdndiga. B

Vi har i Avsnitt 2.3 ovan sett hur alla monadiska och binédra konnektiv
kan definieras i termer av A, v, — och v, eller = och A. Detta resultat ar
emellertid inte tillrdckligt for att bevisa att alla sanningsfunktioner kan
definieras i termer av dessa konnektiv, eftersom det ocksa finns 3-stilliga, 4-
stilliga... osv. sanningsfunktioner. For ett bevis av olika
”fullstindighetsresultat”, se t.ex. Pelletier och Norman (1990), Enderton
(2001), ss. 45-52, Hunter (1971), ss. 62—71. Emil Post tycks ha varit forst
med att bevisa “fullstindighetsresultat” av detta slag, se Post (1921). Se
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ocksa Bimbo (2010), Nicod (1917-20), Prior (1955), Kap. II, Schonfinkel
(1924/1967), Sheffer (1913), Wernick (1942), Zylinski (1925). Peirce bor
ocksa ndmnas i sammanhanget, se t.ex. Bimbo (2010).

3.6. Satslogik simulerad i predikatlogik

I det hdr avsnittet skall vi se hur man kan ”simulera” satslogiken i
predikatlogik. For att gora det krdvs ndgon form av predikatlogik med
funktionsuttryck. I ett sddant system kan vi infora sédrskilda namn som
refererar till Det Sanna respektive Det Falska, och definiera ett antal
funktionsuttryck som svarar mot olika sanningsfunktioner. Med hjélp av
vissa grundldggande antaganden och definitioner kan vi sedan t.ex. bevisa
predikatlogiska satser som motsvarar alla satslogiska sanningar. Vi antar
nedan att x och y varierar dver satser. Bevisen ldmnas till 1dsaren.

3.6.1. Vokabulir

v(x): x’s sanningsvirde. v dr en funktion som tar oss fran x till x’s
sanningsvérde.

n(x): negationen av X, k(x,y) konjunktionen av x och y, d(x,y) disjunktionen
av x och y, i(x,y) implikationen av x och y, e(x,y) ekvivalensen av x och y.
"n”, 7k”, 7d”, 717, 7e” ar funktionsuttryck som representerar ett antal
sanningsfunktioner, som tar oss fran sanningsvérden till sanningsvérden.

”t” dr ett namn pa Det Sanna, och ”’f” &r ett namn pé Det Falska.

Vx: x dr ett sanningsvarde. V ér ett 1-stélligt predikat.

3.6.2. Grundliggande antaganden

Al. Vx((v(x)=t) v (v(x) =1)). Det giller for varje x att x’s sanningsvérde ar
Det Sanna eller att x’s sanningsvérde ar Det Falska.

A2. Vx—=((v(x)=t) A (v(x)=1)). Det giller for varje x att det inte &r fallet att
x’s sanningsvarde dr Det Sanna och att x’s sanningsvirde dr Det Falska.

3.6.3. Definitioner av sanningsfunktionerna

D1. VxVy((v(n(x)) =t) <> (v(x) =f)). Sanningsvirdet hos negationen av x ar
Det Sanna omm x’s sanningsvérde ar Det Falska.

D2. VxVy((v(k(x,y)) = t) <> ((v(x) =1t) A (v(y) = t))). Sanningsvirdet hos
konjunktionen av x och y &r Det Sanna omm x’s sanningsvirde &r Det Sanna
och y’s sanningsvirde 4r Det Sanna.
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D3. VxVy((v(d(x,y)) = t) <> ((v(x) =t) v (v(y) = t))). Sanningsvirdet hos
disjunktionen av x och y dr Det Sanna omm x’s sanningsvérde dr Det Sanna
eller y’s sanningsvérde dr Det Sanna.

D4. VxVy((v(i(x,y)) = t) <> ((v(x) = t) = (v(y) = t))). Sanningsvirdet hos
implikationen av x och y dr Det Sanna omm om x’s sanningsvirde ar Det
Sanna sé dr y’s sanningsvéarde Det Sanna.

D5. VxVy((v(e(x,y)) =t) <> ((v(x) =t) <> (v(y) =1t))). Sanningsvirdet hos
ekvivalensen av x och y &r Det Sanna omm x’s sanningsvirde &r Det Sanna
omm y’s sanningsvirde dr Det Sanna.

Ovriga sanningsfunktioner kan definieras pa liknande siitt.

3.6.4. Definition av sanningsvirde

Det ar mojligt att explicit ange att t och f &r sanningsvérden. Men vi skall
istdllet anvénda foljande definition:

D6. Vz(Vz<> Ay(z=v(y))).

z ar ett sanningsvirde omm det finns ett y sddant att z &r y’s sanningsvérde.

3.6.5. Definition av sanningspredikat

Antag att sannings- och falskhetspredikaten definieras i termer av
konstanterna t och f pa foljande sitt:

D7. Vx(Sx > (v(x)=t)). x dr sann omm x’s sanningsvérde dr Det Sanna.

D8. Vx(Fx ¢ (v(x)=f)). x &r falsk omm x’s sanningsvirde dr Det Falska.

3.6.6. Teorem
Givet dessa antaganden och definitioner kan vi bevisa bl.a. foljande satser:

T1. Vx(SxVFXx). Varje sats ér antingen sann eller falsk.

T2. Vx—(SxAFx). Ingen sats ér bade sann och falsk.

T3. VxVy(Sn(x) <> Fx). Negationen av x dr sann omm x 4r falsk.

T4. VxVy(Sk(x,y) <> (Sx A Sy)). Konjunktionen av x och y dr sann omm x &r
sann och y ar sann.

T5. VxVy(Sd(x,y) < (Sx v Sy)). Disjunktionen av x och y dr sann omm x &r
sann eller y ar sann.

T6. VxVy(Si(x,y) <> (Sx — Sy)). Implikationen av x och y dr sann omm om x
r sann sa ar y sann.

T7. VxVy(Se(x,y) <> (Sx <> Sy)). Ekvivalensen av x och y dr sann omm x &r
sann omm y &r sann.

T8. Vt: Det Sanna ir ett sanningsvérde.
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T9. Vf: Det Falska &r ett sanningsvérde.

T10. —t=f. Det Sanna &r inte identiskt med Det Falska.

T11. Vx((v(x) =1) <> —(v(x) =t)) x’s sanningsvirde dr Det Falska omm det
inte ar fallet att x’s sanningsvérde ar Det Sanna.

T12. Iwdz(—(w=z)A(VW A VZ)). Det finns minst tva sanningsvirden.

T13. VuVwVz((VuA Vw A VZ) > (u=wvu=zvw=z)). Det finns hogst tva
sanningsvérden.

T14. Fuaw(Vua Vw A —u=w A Vz(Vz — (z=uv z=w))). Det finns exakt tva
sanningsvérden. Detta foljer ur T12 och T13.

T15. VxVy((v(x)=v(y)) <> (v(e(x,y))=t)). X’s sanningsvirde ar identiskt med
y’s sanningsvirde omm sanningsvérdet hos ekvivalensen av x och y &r Det
Sanna.

T16. VxVy((v(x) = v(y)) <> Se(x,y)). x’s sanningsvirde &dr identiskt med y’s
sanningsvirde omm ekvivalensen av x och y ar sann.

3.6.7. Alternativa antaganden

Lat D7’ och D8’ vara:

D7’. Vx((v(x)=t) > Sx). Xx’s sanningsvérde dr Det Sanna omm x &r sann.
D8’. Vx((v(x)=f)«>Fx). x’s sanningsvirde dr Det Falska omm x &r falsk.

Da giller det att om vi utgar ifran T1-T7, D6 och D7’ och D8’, s& kan vi
bevisa A1-A2, D1-D5, och T8-T16.

Den utvidgning av predikatlogiken som beskrivs ovan kan bl.a. anvindas
for att uttrycka satslogiska sanningar i predikatlogiken. DeMorgans lagar (p A
q) <> —(—pv—q) och (pvq)<>—(—pA—q) kan t.ex. uttryckas pa foljande sitt:

DM1 VxVy(Sk(x,y) <> Sn(d(n(x),n(y))).

DM2 VxVy(Sd(x,y) <> Sn(k(n(x),n(y))).

DM1 sdger: "Det géller for alla x och y att konjunktionen av x och y &r
sann omm negationen av disjunktionen av negationen av x och negationen av
y dr sann”.

DM2 ldses ”Det géller for alla x och y att disjunktionen av x och y ir sann
omm negationen av konjunktionen av negationen av x och negationen av y ar
sann”.

Vi kan bevisa att DM1 och DM2 f6ljer predikatlogiskt ur vara antaganden
ovan. Ovriga satslogiska sanningar kan bevisas pa liknande sitt.”

* Se Anderson och Zalta (2004) for mer information om négra liknande idéer och definitioner.
Anderson och Zalta utgér emellertid ifrén Zaltas s.k. Objekt Teori och deras tankar skiljer sig pa
flera vésentliga punkter fran de idéer som presenteras i det har avsnittet.
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4. Bevisteori

4.1. Nagra anvindbara regler

Jag skall i det hir avsnittet ndmna négra anvéndbara satslogiska regler. Dessa
regler kan t.ex. bevisas i alla de axiomatiseringar av satslogiken som beskrivs
i Appendixet. Substitutionsregeln anvénds ofta som en grundlédggande regel
och Ovriga regler som hirledda. }—gs A innebér att A &r ett teorem i S, dir S
ar nagon sund och fullsténdig variant av satslogiken.

Substitutionsregeln. Om }—s A, s& |—s [B/b](A). Om A ér ett teorem i
S, sa dr varje omedelbar substitutionsinstans av A ett teorem i S.

Exempel. Antag att vi har bevisat att p— p &r ett teorem i S. D4 foljer det
t.ex. omedelbart ur substitutionsregeln att ocksa (pAq) — (pAq) och (rvq)—
(rvq) ér teorem i S. For dessa satser 4r omedelbara substitutionsinstanser av
p—p.- 1

Den simultana substitutionsregeln. Om |—s A, sd |—s [By/by, ...,
B./b,](A). Om A ér ett teorem i S, sé dr varje simultan substitutionsinstans av
A ett teoremi S.

Exempel. Antag att vi har bevisat att (p A (p — q)) = q &r ett teorem i S.
Da foljer det omedelbart ur den simultana substitutionsregeln att t.ex. ocksé
(tAS)A((rAs)—> (r—58))) > (r—>s) dr ett teorem 1 S. Faktum &r att det foljer
att varje instans av schemat (A A (A — B)) — B ir ett teorem i S. For varje
instans av detta schema foljer ur (p A (p— q)) — q med hjilp av den simultana
substitutionsregeln. M

Om det &r klart vilket system vi talar om, kan vi utelimna ”S”.

Ersittningsregeln. (i) Om |— A< B, sd |— C« [B/A](C) (om A< B
ar ett teorem, sd dr C <> [B//A](C) ett teorem), dar [B//A](C) ar likadan som C
forutom att noll eller flera forekomster av A har ersatts med B (se Avsnitt 2.4
for mer information).

(il)) Om — A< Boch|— C,sd }— [B//A](C) (om A <> B ér ett teorem
och C ér ett teorem, s& ar [B//A](C) ett teorem), dér C och [B//A](C) tolkas
pa samma sétt som i del (i).

(iii)) Om |— A< B och }— [B//A](C), s& }— C (om A <> B ér ett teorem
och [B//A](C) é&r ett teorem, sa &ar C ett teorem), dér C och [B//A](C) forstas
pa samma sétt som i del (i).

Exempel. Om vi har bevisat att (pAq)—q och p<>——p dr teorem, sa kan
vi omedelbart med hjélp av ersittningsregeln sluta oss till att (—pAq)—>q ar
ett teorem. Om vi har bevisat att (p—(qAq)) >—(pA—(qAaq)) och g (qAQ)
ar teorem, s kan vi omedelbart med hjélp av ersittningsregeln sluta oss till
att (p—q)—>—(pA—q) ar ett teorem. W
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Den simultana ersittningsregeln. (i) Om |— A, <> B och ... och |— A,
<~ B,sa}— Co [Bi/A, ..., B/A]J(C) (om A, <> By dr ett teorem och ...
och A, < B, ir ett teorem, sé dr C <> [B1//A4, ..., B.//A;](C) ett teorem), dar
[Bi//A4, ..., By//A,](C) ar resultatet av att ersitta noll eller flera forekomster
av A; 1 C med B, och ... och ersitta noll eller flera forekomster av A, 1 C
med B,.

(i1)) Om }— A; < B och ... och — A, <> B, och I— C, sa |— [Bi//A,,
..., BW//A,]J(C) (om A, <> By ér ett teorem och ... och A, <> B, ir ett teorem
och C ar ett teorem, sd ar [B//A,, ..., B)//A,]J(C) ett teorem), dir C och
[Bi//Ay, ..., By//A, 1(C) tolkas pa samma sétt som i del (i).

(ii1)) Om — A; < Bjoch ... och — A, < B, och — C< [B/A, ...,
B.//A, ](C), sa}— C (om A; <> By ar ett teorem och ... och A, < B, ar
teorem och [B,//Ay, ..., By//A,](C) ar ett teorem, s& ar C ett teorem), diar C
och [By//Ay, ..., By//A,](C) forstas pa samma sétt som i del (i).

Exempel. Om vi har bevisat att (=p—(qvq)) = (—pVv(qVvq)), —p <>
p, och (qQ v q) <> q ar teorem, sd& kan vi med hjilp av den simultana
ersittningsregeln t.ex. omedelbart sluta oss till att (—p —q) > (pv q) ar ett
teorem. Om vi har bevisat att (p—>q)A—q)—=—p, (pAT)<>p, och (qvI)<>q
ar teorem, sa kan vi t.ex. omedelbart med hjélp av ersittningsregeln sluta oss
till att (p—>qPA—=(qvI))—>—(pAT) r ett teorem. W

4.2. Semantiska tablier och semantiska tablisystem

I det hér avsnittet skall jag g& igenom négra s.k. tablaregler, som kan
anvéndas for att skapa en méngd semantiska tablasystem. Semantiska tablaer
kan bl.a. anvéndas for att bevisa att en sats &r satslogiskt sann, satslogiskt
falsk eller satslogiskt kontingent, de kan anvindas for att avgéra om en
méngd satser dr konsistent eller inte, och de kan anvéndas for att avgora om
ett argument &r satslogiskt giltigt eller ej (se Avsnitt 4.5 nedan).

Evert Beth tycks ha varit forst med att beskriva denna metod, se t.ex. Beth
(1955) och Beth (1959), ss. 186-201, 267-293, och 444-463. Enligt
Smullyan (1968), s. 15, kommer den ursprungliga idén frén Gerhard Gentzen
(Gentzen (1935), (1935b)). Detta tycks dven vara Melvin Fittings &sikt
(1999), s. 7. Andra tidiga bidrag utgdrs av Hintikka (1955), Lis (1960),
Smullyan (1963), (1965), (1966), (1968) och Jeffrey (1967). Den typ av
semantiska tablader som anvénds i den hér uppsatsen pdminner kanske mest
om den typ som beskrivs i Jeffrey (1967). For mer om denna metod, se t.ex.
D’Agostino (1999), D’Agostino et al. (1999), Jeffrey (1967), Priest (2008),
Ronnedal (2012), och Smullyan (1968). Grundliggande uttryck som
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”semantisk tabld”, “Oppen och sluten gren”, “6ppen och sluten tabla”,
“tablasystem” osv. definieras pa vanligt vis (se vidare Avsnitt 4.4). Den hér
uppsatsen innehdller emellertid en méingd nya tablaregler. I system som
innehéller konstanterna T och T, méste vi ldgga till antagandet att en gren &r
sluten om den innehaller —T eller T.

4.3. Semantiska tabliregler

4.3.1. Grundliggande regler

Vilka grundliggande regler ett semantiskt tablasystem bor innehélla beror pa
vilket sprék vi utgér ifrdn. En mycket vanlig uppséttning regler &r: (—), (A),
(=), (V), (=Vv), (=), (=), (¢>), och (—¢>). Jag skall emellertid introducera
regler for alla monadiska och bindra operatorer som vi har ndmnt i den har
uppsatsen.

I princip skulle man kunna klara sig med reglerna (—), (a), och (=),
eller (—), (V), (—v), om vi utgdr ifran ett sprak som endast innehéller — och
A eller v. Andra konnektiv kan i sddana sprak definieras i termer av de
grundlidggande symbolerna (se Avsnitt 2.3). For att bevisa en sats méste man
da forst oversétta den till primitiv notation och sedan bevisa den &versatta
satsen. Detta leder till system som &r ekonomiska vad géller antalet primitiva
symboler, men dr ndgot mer komplicerade att anvénda i praktiken &n ménga
andra system som innehaller fler odefinierade konnektiv och regler.

4.3.2. Satslogiska regler
4.3.2.1. Regler for monadiska konnektiv och CUT

S (F) (M ()] (=)
SA, i FA, i TA,i TA,i —A, 1
J J J J J
Al —A, 1 T,i1 T,i A i
(=S (=F) (=D (=D (CUT)
—SA,i —FA, i —TA, i —TA, i
J J J J ¢\
—A,i A, T,i1 T,1 A1 AL
Tabell 4
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Notera att reglerna har ett index ”, i”. Detta ar redundant i alla satslogiska
system. Anledningen &r att dessa regler ocksd kan anvindas i t.ex. olika
modala och temporala system. I sddana system &dr det vésentligt med ett
index.

(CUT) (eller BRYT) regeln &r en speciell regel som i manga tablasystem &r
redundant, t.ex. i det system som innehéller tablareglerna (—), (A), (—A),
V), (=v), (=), (=), (¢>), och (—¢>). Allt som kan bevisas med hjilp av
denna regel kan vanligtvis bevisas utan den. (CUT) regeln dr emellertid
mycket anvdndbar om man &r intresserad av att forenkla olika bevis. For med
hjélp av (CUT) regeln kan man hérleda foljande regel:

Globala Hypotes Regeln. Om det finns ett tabldbevis for A (i systemet S), sa
fér vi lagga till A till vilken 6ppen gren som helst i en (S-)tabla.

4.3.2.2. Regler for binira konnektiv

=) (=) (<) (<)
A—B,i A—B, i A<B,i A<B,i
¢\ J N J
—A, 1 B,i Al Al —B, 1 —A, 1
—B,1 B,i
—~(A—>B), i —~(A>B), i —~(A<B), i —~(A<B), i
J N J N
A, i —A,i B,i —A,i A,i  —B,i
—B, i B,i
Tabell 5
(&) (&) >) >)
A<B,i A<B,i A>B,i A>B,i
J d d d
A, i —A,i B,i —B,i
(=9 ) (=) (=)
—(A<B), i —~(A<B), i —~(A>B), i —~(A>B), i
J d d d
—A, 1 Al —B, 1 B,i1
Tabell 6
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tollens;

() () (M ()]
(Ao>B), i Ao B, i (ATB),i (ATB), i
¢\ N J J
Ai —Ai A —Ai T,i T.i
B,i —B,i —B,i B,i
(=) (=) (=D (=D
¢\ N J J
A, 1 —|A, 1 A, i —|A, i I, i T, i
-B,i B,i B,i -B,i
Tabell 7
(n) (n) ™) ™)
(AAB), i AAB,i (AVB), i AVB,i
l ¢\ ¢\ J
A, i —A,i —B,i A,i B,i —A, i
B, i —B,i
(=) (=) (=v) (=v)
—~(AAB), i —~(AAB), i —~(AVB), i —~(AvB), i
Z N N N v\
—-A,1 —B,i Al —A,1 A,1 B,i
B, i1 —B, 1
Tabell 8

DS: Disjunktiv

4.3.2.3. Nagra hirledda regler
Det édr ofta mojligt att bevisa ett antal hidrledda regler i olika tablasystem.
Hérledda regler kan anvéndas for att forkorta olika tablabevis. Nedan foljer
en lista pd ndgra sadana regler som &r hirledbara i méanga olika fullstdndiga
tablasystem. Alla regler i Tabell 9 och 10 4r t.ex. hirledbara i alla
tablasystem som innehéller tablareglerna (——), (A), (—A), (V), (=V), (),
(=—), (&), och (—¢>). Med hjilp av Globala Hypotes Regeln kan man
hérleda en méingd andra intressanta tablaregler. Reglerna i Tabell 9 svarar
mot nagra mycket vilkidnda slutledningsregler som har varit kinda mycket
lange.
Forklaring av forkortningar i Tabell 9. MP: Modus ponens; MT: Modus
syllogism; CS: Konjunktiv
Ekvivalenselimination; HS: Hypotetisk syllogism.
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(MP) (MT) (DSI)
A—B,i A—>B,i AvVB,i
Al —B, 1 —A, 1
\ \ \
B, i —A, 1 B, i
(DSII) (CSD (CSI)
AvVB,i —(AAB), 1 —(AAB), 1
—B, 1 Al B, i
\ \ \
Al —B, i —A, 1
(EEI) (EEII) (EEII)
AeB, 1 AeB,i AeB,i
Al B,i —A, 1
\ \) \)
B, i Al —B, 1
(EEIV) (HS) (HS”)
A B, i A—B,i Al
—B, i B—C,i A—B,i
J ¢\ B—C,i
—A, 1 —A, 1 C,i \?
C,i
Tabell 9
4.3.2.4. Fler hiirledda regler
(=) (=) (=)
¢\ J ¢\
A,i B,i Al A,i  —B,i
B, i
(=) (==A0) =)
—(—Av—-B), i —(—AA—B), 1 —(—AVB), i
N N
Al A,i B,i Al
B, i —B, i
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(=v-) (=) (v=)
—~(Av—B), i —~(AA—B), i (AVB)—C, i
J YN A, i
—A,i —A,i B,i B,i
B,i J

(01
Tabell 10

4.4. Grundliggande bevisteoretiska begrepp

Lét oss nu definiera ett antal grundldggande bevisteoretiska begrepp. Dessa
begrepp ér relativiserade till sarskilda system. Nér vi t.ex. sdger att en viss
sats dr bevisbar, sa menar vi att den ar bevisbar i ett visst system. Om det av
kontexten framgar vilket system vi talar om, kan vi dock uteldmna denna
information, och helt enkelt siga att en sats dr bevisbar osv.

Tablasystem. Ett (semantiskt) tablasystem &r en méngd (semantiska)
tablaregler. S{X;, ..., X,} betecknar det tabldsystem som innehaller
tablareglerna X, ..., X,. S{——, A, =A, Vv, =V, >, =, ¢, —¢>} dr t.ex. det
tablasystem som innehéller tablareglerna (——), (A), (=A), (V), (=Vv), (=),
(=—), (¢), och (—=¢>). Inte alla tablasystem &r sunda och fullstindiga (se
Avsnitt 6). S{A, =} &r t.ex. inte sunt och fullsténdigt. Men det finns manga
tablasystem som &r sunda och fullstdndiga. S{——, A, —A, Vv, 2V, =, =—>, <,
—¢>} dr ett exempel pé ett system som &r sunt och fullstdndigt.

S-tabld. En S-tabla dr en semantisk tabld som har genererats i enlighet
med tablareglerna i S, dér S &r ett tablasystem.

Bevisbarhet. En sats A &r bevisbar (i systemet S) omm det finns en sluten
(S-)tabla som borjar med —A.

Teorem. En sats A &r ett teorem (i systemet S) omm A dr bevisbar (i S).

Konsistens. En méngd satser {A;, ..., A,} dr konsistent (i systemet S)
omm det finns minst en dppen avslutad gren i en (S-)tabla som bdrjar med
Ay, ..., A,. En méngd satser dr inkonsistent omm den inte &r konsistent.

Hiirledbarhet. En sats B ér harledbar ur en mingd satser {A,...,A;} (i
systemet S) omm det finns en sluten (S-)tabla som borjar med A, ..., A,
—B.

4.5. Anvindningsomraden for semantiska tablasystem

Semantiska tablasystem dr mycket anvindbara. 1 det hdr avsnittet gar jag
igenom hur de bl.a. kan anvindas for att avgoéra en méangd logiska egenskaper
och relationer. Nér jag talar om “semantiska tablder” i det hédr avsnittet, s&
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menar jag tablder i ndgot system som &r sunt och fullstindigt (se Avsnitt 6).
Nedan foljer en lista pd ndgra logiska egenskaper och relationer. Déarefter
foljer en beskrivning av hur man kan avgéra om en viss sats (midngd satser)
har denna egenskap eller inte, eller om olika satser stir i denna relation till
varandra eller inte.

Logisk sanning. Hur avgér man om en sats A dr logiska sann eller inte?
Skapa en semantisk tabla for —A. Om alla grenar i denna &r slutna, sé ar A ett
teorem. Och om A &r ett teorem, s dr A logisk sann. Om det finns
atminstone en Oppen avslutad gren pa den semantiska tablan for —A, sa dr A
inte logiskt sann, —A dr da satisfierbar.

Logisk falskhet. Hur avgdr man om en sats A dr logiskt falsk eller inte?
Skapa en semantisk tabld som borjar med A. Om alla grenar &r slutna, s kan
inte A vara sann. Det finns ingen vérdering som gor A sann. Alltsd maste A
vara falsk. Alltsd dr A logiskt falsk. Om det finns atminstone en Oppen
avslutad gren pa den semantiska tablén for A, s dr A inte logiskt falsk; da ar
A satisfierbar.

Logisk kontingens. Hur avgér man om en sats A dr logiskt kontingent
eller inte? For att visa att A &r logiskt kontingent, visa att A varken ar logiskt
sann eller logiskt falsk. A dr logiskt kontingent omm det finns minst en 6ppen
avslutad gren pa tabldn for —A och minst en dppen avslutad gren pé tablan
for A. Om A é&r logiskt sann eller logiskt falsk, sa dr A inte logiskt
kontingent.

Det géller for varje sats att den antingen &r logiskt sann, logiskt falsk,
eller logiskt kontingent. Om en sats &r logiskt sann, sa dr den inte logiskt
falsk eller logiskt kontingent; om en sats &r logiskt falsk, sa &r den inte logiskt
sann eller logiskt kontingent; och om en sats &r logiskt kontingent, s ar den
inte logiskt sann eller logiskt falsk.

Logisk implikation. Hur avgér man om en sats A logiskt implicerar en
sats B eller inte? Skapa en semantisk tabld som bdrjar med A och —B. Om
alla grenar i denna tabla ar slutna, sé &r det inte mojligt att A &r sann och B
falsk. Med andra ord, varje vardering som gér A sann gor ocksd B sann.
Alltsé implicerar A B logiskt. Om det finns minst en dppen avslutad gren pa
en tabla som borjar med A och —B, sd ar det inte fallet att A logiskt
implicerar B, da finns det en virdering som gor A sann och B falsk.

Logisk ekvivalens. Hur avgoér man om tva satser A och B ar logiskt
ekvivalenta eller inte? Visa att A (logiskt) implicerar B och att B (logiskt)
implicerar A. Om A implicerar B och B implicerar A, sa dr A och B logiskt
ekvivalenta. Ett alternativ: skapa en tabld som borjar med —(A <> B). Om alla
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grenar i denna tabld &r slutna s dr A <> B ett teorem och alltsé logiskt sann.
Och om A <> B ér logiskt sann, sa 4r A och B logiskt ekvivalenta. Om det
finns minst en dppen avslutad gren pé tablan for —(A <> B), sd 4 A och B
inte logiskt ekvivalenta.

Satisfierbarhet hos en mingd satser. Hur avgér man om en méngd
satser {A|, ..., A,} ar satisfierbar eller inte? Skapa en semantisk tabla som
borjar med Ay, ..., A,. Om det finns atminstone en Oppen avslutad gren i
denna tabld, sd ar {A,, ..., A,} konsistent. Det foljer att {A,, ..., A,} &r
satisfierbar. Om en méngd satser inte ar konsistent s& dr den inte satisfierbar.
For att visa att en mingd satser {A,, ..., A,} inte &r satisfierbar kan vi d& ga
tillvdga pa foljande sétt. Skapa en tabld som bdrjar med Ay, ..., A,. Om alla
grenar i denna tabld ar slutna, s& ar {A,, ..., A,} inkonsistent. Det foljer att
denna mingd inte dr satisfierbar; dvs. det finns ingen vérdering som gor alla
satser i denna méngd sanna.

Giltighet hos ett argument. Hur avgér man om ett argument med
premisserna Ay, ..., A, och slutsatsen B &r logiskt giltigt eller inte? Skapa en
tabld som borjar med Ay, ..., A,, —B. Om alla grenar i denna tabla ar slutna,
sa dr slutsatsen hirledbar ur premisserna. Givet att systemet &r sunt, sé foljer
slutsatsen ur premisserna. Med andra ord, da ar argumentet giltigt. Det finns
ingen virdering som gor alla premisser sanna och slutsatsen falsk.
Ogiltigheten hos ett argument med premisserna Ay, ..., A, och slutsatsen B
visas pa liknande sitt. Ett argument ar ogiltigt omm det inte &r giltigt. Skapa
en tabld som borjar med Ay, ..., A,, =B. Om det finns &tminstone en Sppen
avlutade gren i denna tabl4, sé &r det inte fallet att B ar harledbar ur {A4, ...,
A,}. Alltsa ar det inte fallet att B foljer ur {Ay, ..., A,}. For vi utgér ifrén ett
system som dr sunt och fullstindigt. D& finns det &tminstone en vérdering
som gor alla premisser sanna och slutsatsen falsk. Alltsa, det &r inte fallet att
argumentet ar giltigt.

Semantiska tablder kan anvéndas for att hitta motexempel, virderingar
eller modeller som visar att en sats inte dr logiskt sann eller att ett argument
inte dr logiskt giltigt. Denna metod beskrivs i de flesta introduktioner till
semantiska tablder. De kan ocksa ha andra anvéndningsomraden. For varje
sats A kan de t.ex. anvéndas for att hitta en sats A’ i s.k. disjunktiv normal-
form som &r logiskt ekvivalent med A.

4.6. Exempel pa bevis

Det ar vilkédnt hur semantiska tablaer kan anvéndas for att bevisa olika satser.
Jag skall &nda ta upp ett par exempel. Vi skall borja med att bevisa pv (pvp)

84



Satslogiken, Sanningsfunktioner och Semantiska Tablaer

i systemet S{—, v, v}, baserat pa spraket L{—, v}, dir 6vriga monadiska
och bindra konnektiv &r definierade som i Avsnitt 2.3. For att gora det maste
vi forst oversitta p v (p v p) till primitiv notation. Satsen p v (p Vv p) ar
ekvivalent med (pv (pvp)) Vv (pVv(pVvp)) i primitiv notation. For att bevisa
denna sats skapar vi en sluten tabla for dess negation.

(D =((pv(Pvp)V(pVv(pVvD)))
N

@ pvpvp) [1,—Vv] 3 pvpvp) [1,—v]
@ —p[2,V] (5)=p[3,Vv]
(6) =(pvp) [2, V] (7)=(pvp) [3, V]
v N v N

@pl6,—v]  @plo,~v] (A0 p[7,=v] (AD)p[7,—=v]
(12)*[4,8]  (13)*[4,9]  (14)*[5,10]  (15)*[5, 11]

Tabellen ovan é&r ett bevis for (pv(pvp))v(pv(pvp)). pv(pvp)v(pv(pVv
p)) ér alltsé ett teorem i S{——, v, —v}. Allt som kan bevisas i detta system &r
(sats)logiskt sant; S{—, v, —Vv} ir ett sunt system. Det foljer att var
ursprungliga sats pv(pvp) [= (pVv(pvp))V(pVv(pVvp))] ér (sats)logiskt sann.

Hir f6ljer ett annat exempel pa ett bevis av satsen (p A q) <> —=(—=p Vv —q).
Vi anvénder i det hér fallet ett system som innehaller alla tablaregler som vi
har tagit upp i den hér uppsatsen.

(1) =((pAq) >=(=pv—q))
v N

(2 (pag) [1,=¢>] (3)=(pag) [1, =]
(8) =p [6, V] 9 q[3,=4]
(10) —q [6, V] "4 N
(13)=p[2,A] (14)—=q[2, A] (15) * [7, 11] (16) * 9, 12]
(17) * [8, 13] (18) * 10, 14]

Ovanstaende tabla ar ett bevis for (p A q) <> —=(—pVv—q) i vart system. Denna
sats dr darfor bade bevisbar och ett teorem i vért system. Eftersom detta
system ar sunt foljer det att (p Aq) <> —(—pv—q) ir (sats)logisk sann. For allt
som kan bevisas i ett sunt system &r (sats)logiskt sant.
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5. Nagra satslogiska sanningar

Det hér avsnittet innehéller en lista pa ndgra satslogiska sanningar. I manga
fall 4r dessa lagar sa etablerade att de har fatt sérskilda namn. Jag anvédnder
satsbokstiver: p, g, r... osv. i alla formler nedan, men tack vare den simultana
substitutionsregeln foljer det att dessa lagar géller for alla A, B, C... osv.
Motségelselagen, —(pA—p), giller t.ex. inte bara for p, utan for alla A, dvs.
—(AA=A) for alla A. Detsamma géller 6vriga sanningar nedan.

Lagarna nedan kan anvéndas for att hérleda ett antal satslogiskt sunda
regler. Om ”A — B” &r ett teorem och ”A” &r ett teorem, sd foljer det att ”’B”
ar ett teorem. Mer allmént géller det att om (A A...AA,)—B” ér ett teorem,
”A,” ér ett teorem och ... och ”A,” ar ett teorem, sd 4r ”B” ett teorem.
(Ovning: bevisa alla satser i det hir avsnittet.)

Grundldggande lagar

pep Identitetslagen

—(pA—p) Motségelselagen

pVv—p Lagen om det uteslutna tredje
p>—p Lagen om dubbel negation
Idempotenslagar

p<>(pvp) Idempotenslagen for disjunktion
p<>(pAp)  Idempotenslagen for konjunktion

Absorptionslagar

(pv(prq))<>p (pAT)p (p—>NDeT

(pA(pva))>p (pAD T (p—>D>—p
(pva(pv—q)<>p (pveT (T—>pp

(PAQV(pA—=q) p (pvID)p TI—->peT
(@>p)A(—q—p)p  (Fp—=>p)e>p (p>Tep

(p=PAr(p=—=9)>=p  (p—>=p)<>—p (peD—p

Grundldggande lagar for Verum och Falsum

—TeT T—oA T (pv—p)
—TT A—>T T (pA—p)

Kommutativa, Associativa och Distributiva lagar

(pva<(@qvp) (pvvne(pviqvr))  (pA@@vD))<((PAQV(PAD)
(PAD<(@arp)  (PAPAD S (PA@EAD))  (pv(@AD) < (PVPA(PVD))
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De Morgans lagar®

(pAQ)>=(=pVv—q)
(pvq)>=(=pAr—q)

=(pAqQ) > (=pv—q)
=(pvq < (=pAr—9g)

Adjunktionslagen (AL), Importlagen (IL),
exportlagen (EL), kompositionslagar, dekompositionslagar

p—(q—(pAq) (AL)
(p—(@—=1)—=>((pArg)—1) (IL)
(pA@Q)—>1)—>(p—(q—1)) (EL)
(pA@) =) (p—>(q—1)
(P> ((p—>1)—>(p—(qAD))
(p—=1—=>((@=>0D—=>((pvg)—1)

(P—>9)—=>((r—>8)=>((pAr)—>(qAS8)))
(P—=>q—=>((r—=s)=>((pvr)—(qVvs)))

(P—=>(@AD))=>((p>PA(p—1))
(pva)—=1)—=>((p—>1)A(q—1)
(P> (@A) ((p>PA(p—1))
(pv@) =1 ((p—=0A(g—1)

Modus ponens (MP), modus tollens (MT),
pastaendelagen (PL), reductio ad absurdumlagen (RL)

(PA(p—q)—q (MP) p—>((p—>9)—q) (PL)
(P> 9PAr=q)—>—=p (MT) P—=>9—=>(p—>—=9)—=p) (RL)

Implikationslagar, reflexivitet,
transitivitet/hypotetisk syllogism, permutationslagen, sjalvdistribution

p—p P—>9—>(q—=>1)—=>(p—1)
(P—> 9> (—pvq) (@—=1)—=>((p—>9—>(P—1)
(P—> 9 <>—(pAr—q) (P—>(q—1)(q—>(p—1)
=(p—>q) <> (pA—q) (P—>(@—=>1)=>((p—>q9—(P—1)
—(p—>—=9 < (PAqQ) P=> @@= ((P—>9—>(pP—1)
Kontrapositionslagar

(p—>9) > (—=q—>—p) (=p—>q) <> (—=q—p)
(p—>=9)<(q—>—p) (=p—>=q)<>(q—p)
Ekvivalenslagar

(P Q<> (mpe—q) (P g« (Qep)

(=P g« (p—q) —(p=> < (pvAr—(pAQq)
(pq <> (—peq) (P @@enN)e(pegen)
=(p> g (=peq) (P 9= (@en—>@er)

® Lagarna har fatt namn efter Augustus DeMorgan (1806-1871), men tycks ha varit kinda
atminstone sedan medeltiden (Lukasiewicz (1935)).
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—(p>q e (p>—9q) (P (pe1)—>(qe>1)
(P9 ((p—>9Par(@q—p) P g—=>((pene(qern)
(P9 (pAgV(=paA—)) (P 9= ((eop e Teq)
Kongruenslagar

(P = ((pAr)>(qAD) (P q—>((p—1)<>(q—1)
(P = ((pvr)<>(qvr) (P ((—=p) e (@—q)

Forsvagning av eftersatsen, forstarkning av forsatsen,
bejakande av eftersatsen, fornekande av eftersatsen, explosionslagen

p—>(pvq) (pAq@)—p p—>(Q—p)
q—(@vq) (bAqQ)—q —-p—=>(pP—9
(P=>9—>(P—(@QvD) (P> (PAg—r (pA—p)—q

Disjunktiv syllogism, konjunktiv syllogism,
”Peirces lag”, implikationsparadoxen, dilemmatiska syllogismer

((pvgAr—=p)—q (pvAr((p—1)A(q—r)—r
(pv@)r—q)—p (p—>1)A(g@——r)—>=(pAQq)
(=(pAg)ApP)——q (p—=>PA(p—1)—>((—qVv—r)—>—p)
(=(pAr@)Aq)—>—p (p—>1)A(@—8)—>((pvg—(rvs))
(P—>9)—p)—p (p—>1)A(@—$)) > ((-rv—s) > (mpVv—q))
(P—>9Vv(@—p) (p=10)A(@=8) = (=(rAs) >(pAQ))

Nagra satslogiska sanningar som innehaller v (NOR)

(pvq@)—=p, (pvq)——q, (pvp)—>—p, =p—>(pVp),

(P PA(qva)—(Pvp), (P—>PA(qQvq))——p,
(=pA(qvD) = ((pvA(pvr), (PVPA(rvs)) = ((pvr)A(qvs)),
(p=PA(Qvr) = (pvr), (p=20)A(—8) = (rvs) = (pvq)).

Négra satslogiska sanningar som innehéller A (NAND)

(pAP)—=p, =p—=>(PADP), (PAQAP) =>4, (PAQ)IAQ) —>—P,

(P— 9 (PAr—q), (PP (PA=DA(QA—D)), (P> PA(QAT)) = (pATD),
(p—>1)A(@—98) > ((rAas) > (pAQ)), (PADA(QA—T)) = (PAQ),
(p—>0)A(@—>-1)—=> (A, (P PA(P—>—9)—>(PAD),
(p—=>PA(qaq)— (pAp), (PA(QAQ) —>—=(p— 1),
(p=PAPAG) = (PADP), PA(PAQ)>=(P—9).
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Négra satslogiska sanningar som innehéller <> (XOR)

(peqe—(peq), (peq—(@Vva), (P9 —>—(pAQg),
(P9 — (A, (P9 —(p—>—q), (p<>q)—(q—>—Dp),
(peAp)—>—q, (P PAq)—>—p, (P> q) <> (mp>—q),
(=peq) > (p>—q), (p>—q <> (—p<>q), (P Q<> (=p<>q),
(P (o), peq o (pvPr=(pAg),

(P (PvaalPaq), (pq—(p—>9A(@—D)),

(P (—=(P—->q9v-(q—p), P (P—>9V(Q—D),

P (P=29Vv<—), P9 (PvPA(=pv—q)),
(p—=>0A(@—=1)—=> (P9 —1), (P> PA(P—1) > ((—q>—1) —>—p),
(p—=0)A(@—=9) > (P9 —>(rvs)), (= PA(qe1)) > (PAT),
(p—=0)A(@—9) > (r8)=>(pAQ), (P 1)A(qe>—T)) > (P> q),
(per)A(pe—1)——p, (PVPA(P—=1)A(q——1)—> (P> q),
(pvA(p—=1)A(@—8) > (re8)—>(peq)), (pop) T,

(PA (@) (PAQ© (PAT), (> (p1) > (P q) 1),

(P> PA(p—1) > ((—q>—1) —>—p),

(p—=0A(@=8) > (mre—8) > (pAQ)).

DeMorgan liknande lagar

(pAqQ)¢>—(—pv—q) =(pAqQ) > (=pv—q)
(pvg)>—(=par—q) =(pvq) > (—pAr—q)
(P> q)>=(=p>—q) =(p>q) > (mp>—q)
(P> q)©=(=p>—q) =(p=>q) < (mp—q)

Néagra Gvriga satslogiska sanningar

PV (P—>9D—9, PAQ< (P—=(pP—=9), (P9 < —(p—9),
(P—=9 < (A=), (p=q > —(pq), (P <> (=pAQq), (p—> <> (q¢p),
(P> (@—p), (P<q® <> p, (P<) <> (PA(qV—Q)), (P<q) <> (PA(q—D)),
(P> q, P> ((Pv—PAQ, (P> <> (P> DAQ), (P<q)<>—(p<q),
(p=9)<>=p, (p=9)<>—=(p>q), (p=q)>—q.

6. Nigra metalogiska teorem

I det hér avsnittet skall jag ndmna nagra intressanta metalogiska teorem som
géller for satslogiken. Men jag kommer inte att ga igenom négra bevis. En del
resultat foljer mer eller mindre omedelbart ur vara definitioner av
grundldggande begrepp. En del krdaver nagot ldngre bevis. Exakt hur de olika
teoremen bevisas beror pa vilken bevisteori vi anvénder. Beviset for att en
viss axiomatisering av satslogiken dr sund och fullstindig ser givetvis
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annorlunda ut &n beviset for att ett visst satslogiskt tablasystem dr sunt och
fullsténdigt.” Jag anvinder foljande symboler i det hir avsnittet:

A, B: Satser.

T', A: Méngder av satser.

@7 star for den tomma méngden; ”U” for union.
S: Ett satslogiskt system (i regel sunt och fullsténdigt).
Bel:Biérettelementil.

I' —s A: Adrhédrledbarur "1 S.

—s B: Birettteorem i S (B ar bevisbar i S).
Cong I': T éar konsistent i S.

InCong T': T ér inkonsistent i S.

T" ||— B: B foljer (sats)logiskt ur I'.

[ B: B é&r (sats)logiskt sann (en tautologi).

Sat I': T" dr satisfierbar.

6.1. Sundhet och fullstindighet

Vanligtvis vill vi att véra logiska system skall vara sunda och fullstdndiga.
Sundhet tycks vara ett minimikrav pa ett tillfredsstéllande system. Om ett
system inte &r sunt, kan vi bevisa for mycket i detta system: da kan vi bevisa
satser som inte dr logiskt sanna. Helst vill vi ocksa att véra system skall vara
fullstindiga. Men detta tycks inte vara ett absolut krav. Om ett system inte &r
fullstandigt, sa &r det for svagt: da kan vi inte bevisa alla satser som ar logiskt
sanna 1 detta system. Har foljer definitioner av “sundhet” och
”fullstdndighet”.

Svag sundhet. Ett system S &r svagt sunt omm —g B medfor |— B, dvs.
omm alla satser som kan bevisas i systemet &r (sats)logiskt sanna.

Svag fullstiindighet. Ett system S &r svagt fullstindigt omm |— B
medfor —s B, dvs. omm alla satser som é&r (sats)logiskt sanna kan bevisas i
S.

Stark sundhet. Ett system S &r starkt sunt omm I' |—g B medfor I' |—
B, dvs. omm alla satser B som kan hérledas ur I" i S f6ljer (sats)logiskt ur I".

7 Vissa grundliggande metateorem och bevis kan man hitta i olika introduktioner till logiken,
t.ex. i Barwise (1977b), Buss (1998b), Epstein (2006), Hunter (1971), Kleene (1952), Mendelson
(1964), och Hodges (2001). For mer information om semantiska tablder och metalogik, se
referenserna i Avsnitt 4.2. Se ocksa relevanta anvisningar i introduktionen.
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Stark fullstindighet. Ett system S &r starkt fullstindigt omm I' |— B
medfor I' —g B, dvs. omm alla satser B som foljer (sats)logiskt ur I" kan
hérledas ur I' i S.

Om ett system ar starkt sunt, s& &r det ocksa svagt sunt. Om ett system &r
starkt fullstindigt, sa &r det ocksé svagt fullstindigt.

Exempel. Som jag nimnde i Avsnitt 4.4 & ménga men inte alla system
sunda och fullstindiga. S{—, A, =A, Vv, =V, >, =, &, —¢>} dr ett
exempel péd ett system som &r (starkt) sunt och (starkt) fullstindigt. Alla
axiomatiseringar som namns i Appendixet dr sunda och fullsténdiga. B

6.2. Hiirledbarhet
Nedan foljer ndgra metateorem som handlar om hirledbarhet.

OmTI'—sBochI' c A, sda A}—5 B. Om en sats B dr harledbar ur en
mingd satser I' i S och I' &r en delméngd av en mingd satser A, sd dr B
hirledbar ur A i S. Pga. denna egenskap brukar man siga att satslogiken &r
monoton.

I" —s B omm det finns en éndlig delméingd {A,, ..., A,} av I s&dan att
{Ay, ..., Ay} —s B. En sats B ar hirledbar ur en méngd satser I i S omm det
finns en dndlig delméingd satser {A, ..., A} av I" sédan att B dr hérledbar ur
{Ay, ..., Ay} 1S.

OmB eI, saT |—s B. Om en sats B ir ett element i en mingd satser I,
sa dr B hérledbarurI'i S.

—s B omm & |—¢ B. En sats B &r ett teorem i S omm B &r hérledbar ur
den tomma mingden i S.

}—s B omm det for varje I', I' —g B. En sats B é&r ett teorem i S omm B
ar hirledbar ur vilken méngd satser I" som helst i S.

OmT'U{A} }—sB,s&I' |—s A—B. Om B é&r hérledbar ur unionen av I"
och {A} 1S, sd ar A—B hérledbarurI'i S.

Om {A,,...,Ay} F—s B, sd }—s (AjA...AA,) > B. Om B ir héirledbar ur
{Ay,...,Ap} 1S, 88 dr (A|A...AA,)—> B ett teorem i S.

OmI'f—sA —>B,saT'U{A} }—sB. Om A—B ir hérledbarur I" i S, sa
ar B harledbar ur unionen av I" och {A} i S.

Om |—s (AjA...AA)—>B,sd {Ay, ...,A )} —sB.Om (A|A...AA,))—>B
ar ett teorem 1 S, s& ar B hérledbar ur {A,, ...,A,} 1S.

I" —s B omm det finns en éndlig delméingd {A,, ..., A,} av I sédan att
F—s (AjA...AA,)— B. B dr hirledbar ur I" i S om och endast om det finns en
andlig delmingd {Ay, ..., A} av I sddan att (A A...AA,)— B ér ett teorem i
S.
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6.3. Logisk foljd
Har f6ljer ndgra metateorem som handlar om logisk f6ljd.

OmBeTl,sal' |— B. Om B ér ett element i I', sd foljer Bur I

[ B omm & |— B. B ér logiskt sann om och endast om B f6ljer ur den
tomma méngden.

[— B omm for varje I', I' |— B. B é&r logiskt sann om och endast om B
foljer ur vilken méngd satser som helst.

{A} |— B omm |I— A — B. {A} medfér B om och endast om A — B é&r
logiskt sann.

{AL,..., Ay} — Bomm {A A...AA,} |— B. {Ay,...,A;} medfor B om
och endast om {A|A...AA,} medfor B.

{AIA...AAL} — Bomm |— (AjA...AA) > B. {AjA... AA,} medfor
B om och endast om (AjA...AA,)— B ar logiskt sann.

{AL,...,Ap} | Bomm ||— (AjA...AA)—B. {Ay,...,A,} medfor B om
och endast om (A A...AA,;)— B ir logiskt sann.

{Al,...,As} |— Bomm {A,...,A, |} I A,—B. {A,...,A,;} medfor B
om och endast om {A4,...,A, ;} medfor A,—B.

{AL,..., AL} — Bomm ||— A —>(...(A,—B)...). {Ay,...,A,} medfor B
om och endast om A; —(...(A,—B)...) ér logiskt sann.

6.4. Konsistens och inkonsistens
Foljande metateorem handlar om konsistens och inkonsistens.

InCons I'omm I'" —g5 T. T &r inkonsistent i S om och endast om Falsum
ar harledbarur I'1 S.

InCong I' omm det finns en dndlig delméngd A av I" sddan att A f—s T. T
ar inkonsistent i S om och endast om det finns en &ndlig delmidngd A av I
sadan att Falsum &r héarledbarur A i S.

InCong I' omm det finns en éndlig delméngd {Ay, ..., A,} av I" sadan att
F—s —(A; A...A A,). T ér inkonsistent i S om och endast om det finns en
andlig delmingd {Ay, ..., A} av I" s&dan att negationen av A| A...A A, dr ett
teoremi S.

InCong I' omm I' }—g A for varje A. I 4r inkonsistent i S om och endast
om vilken sats som helst dr harledbarur "1 S.

Cong I' omm inte I' }—g A for varje A. I" r konsistent i S om och endast
om det inte ar fallet att vilken sats som helst dr hiarledbar ur I" i S.

Cong I' omm det inte finns ndgot A sidant att bdde I' —s A och I" |—¢
—A. I dr konsistent i S om och endast om det inte finns ndgon sats A sddan
att bade A och negationen av A ar hérledbaraur I"i S.
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InCong I' omm det finns ndgot A sddant att bdde I' —s A och I" |—g —A.
I" &r inkonsistent i S om och endast om det finns en sats A sadan att bdde A
och negationen av A &r hirledbaraur I' 1 S.

I' —s A omm InCons I'U {—A}. A &r hérledbar ur I" i S om och endast
om unionen av I" och {—A} ar inkonsistent i S.

I' —s —A omm InCong I'U {A}. Negationen av A &r hirledbar ur I'i S
om och endast om unionen av I" och {A} ar inkonsistent i S.

ConsI' U {=A} omm inte I' |—s A. Unionen av I' och {—A} é&r
konsistent om och endast om det inte 4r fallet att A dr hérledbar ur I' i S.

Cong I' omm for varje éndlig delméngd A av I', Cong A. T ar konsistent i
S om och endast om varje dndlig delméngd av I 4r konsistent i S.

InCong I' omm det finns en éndlig delméngd A av I', InCong A. T" &r
inkonsistent i S om och endast om ndgon &ndlig delméngd av I' &r
inkonsistent i S.

6.5. Satisfierbarhet
Lat oss slutligen nimna nigra metateorem som handlar om satisfierbarhet.

Sat I omm inte I' — T. En méngd satser I" &r satisfierbar om och endast
om det inte ar fallet att Falsum foljer ur I'.

SatI'U {—A} omm inte I" — A. Unionen av I och {—A} &r satisfierbar
om och endast om det inte &r fallet att A foljerur I'.

T' |— A omm inte Sat I'U {—=A}. A foljer ur I' om och endast om det inte
ar fallet att unionen av I och {—A} &r satisfierbar.

Sat T" omm det inte finns ndgot A sadant att bdde I' — A och I' [— —A.
T ar satisfierbar om och endast om det inte finns ndgon sats A sddan att bade
A och inte-A foljerur I'.

Appendix
Det hér Appendixet innehéller tre mdjliga axiomatiseringar av satslogiken.
Alla dessa dr sunda och fullsténdiga.

SL; (efter Frege (1879))
Axiom

(A1) p—=>(q—p), (A2) r—>(q—p)) = (r—>q@—>(T—Dp)), (A3) (r—>(q—Dp))
—(q— (r—p)), (A4) (p —>q) = (—q— —p), (A5) =—p —>p, och (A6) p—
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Slutledningsregler

Modus Ponens (Om A ir ett element i SL; och A — B &r ett element i SL;, s
ar ocksa B det).

Substitutionsregeln (se Avsnitt 4.1).

SL, (efter Whitehead och Russell (1910))

Axiom

(AL) (pvp)—p, (A2) q—>(pv ), (A3) (pvq) —(qVp), och (A4) (q—1)—
((pvg)—(pvr).

Slutledningsregler
Modus Ponens och Substitutionsregeln.

SL, ar visentligen den version av satslogiken som utvecklas i Principia
Mathematica (se Whitehead & Russell (1910), ss. 12-14 och 91-97).
Whitehead och Russell inkluderar axiomet (p v (q v 1)) = (q Vv (p v 1)) i sitt
system. Men Paul Bernays har visat att denna sats ar redundant i ljuset av
Ovriga axiom (Bernays (1926)).

SL; (efter Church (1956), ss. 119-120)

Axiom

(Al) p—=>(q—p), (A2) s> (p—>q) > (s> p)—>(s—q)), och (A3) (—p—
—q)—>(q—p).

Slutledningsregler
Modus Ponens och Substitutionsregeln.

Kommentar. Séavitt jag vet har Figur 1-3 i den hér uppsatsen inte publicerats
tidigare. Sambanden som uttrycks i Figur 1 har emellertid uppmérksammats
bl.a. av en forskare vid namn David Miller. Figur 2 och 3 r savitt jag vet helt
nya.
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Konsistens, Inkonsistens och Strikt Implikation
1 Aletisk-Deontisk Logik

Daniel Ronnedal

Abstrakt

Aletisk-deontisk logik &r en typ av bimodallogik som innehéller tvé typer av
modala operatorer: aletiska och deontiska. De aletiska operatorerna kan
anvéndas for att symbolisera uttryck sdsom: ”Det &r nodvéndigt att”, "Det &r
mdjligt att” och ”Det dr omdjligt att”; och de deontiska operatorerna kan
anvéndas for att formalisera uttryck sdsom “’Det bor vara fallet att”, ”Det far
vara fallet att” och “Det &r fel att”. Alla dessa uttryck symboliseras med hjilp
av monadiska satsoperatorer. En monadisk satsoperator tar en sats som
argument och ger en sats som vérde. Jag har i tidigare arbeten beskrivit en
mingd aletisk-deontiska system (Ronnedal (2012), (2012b), (2015b)). I den
hér uppsatsen visar jag hur man i dessa system kan definiera tre dyadiska
satsoperatorer som kan anvdndas for att sdga att tvd propositioner
(sakforhéllanden) dr konsistenta eller inkonsistenta eller att en proposition
(ett sakforhéllande) strikt implicerar (medfor) en (annan) proposition (ett
(annat) sakforhéllande). En dyadisk satsoperator &r en satsoperator som tar
tvé satser som argument och ger en sats som vérde. Jag askadliggdér hur man
med hjilp av dessa definitioner kan hérleda en méngd semantiska tablaregler.
Dessutom bevisar jag flera intressanta teorem som innehdller uttrycken

ERINED)

“konsistens”, “inkonsistens” och ”strikt implikation”.

1. Introduktion

Under senare delen av 1900-talet var modallogiker frimst intresserade av
modala ord sdsom “nddvéndig”, “mdjlig” och “omdojlig”. Sddana ord tycks
kunna anviéndas for att tillskriva propositioner eller sakforhallanden ett slags
modala egenskaper. Satsen ”Det dr nodvindigt att 2 + 2 = 4” tycks t.ex.
kunna anvéndas for att tillskriva propositionen (sakforhallandet) att 2 + 2 =4
egenskapen att vara nddvandig (nddvandigt). En av modallogikens pionjarer,
Clarence Irving Lewis, var emellertid lika eller mer intresserad av modala

uttryck sdsom “’konsistens”, “inkonsistens” och ”strikt implikation” (Lewis
(1918), Lewis & Langford (1932)). Konsistens, inkonsistens och logisk f6ljd
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har ofta betraktats som ett slags metalogiska begrepp. Konsistens och
inkonsistens dr egenskaper hos mingder av satser och logisk foljd en relation
mellan mingder av satser och enskilda satser. I modern symbolisk logik
relativiseras dessa begrepp ofta till olika formella system; man talar om
konsistens, inkonsistens och logisk f6ljd i relation till ett visst system. Sddana
uttryck tycks emellertid dven kunna anvédndas for att tala om modala
relationer mellan propositioner eller sakforhallanden. Satsen “Pastaendet att
Sokrates dr en ménniska som inte &r fornuftig dr inkonsistent med péstaendet
att alla ménniskor &r fornuftiga” tycks t.ex. kunna anvindas for att sdga ndgot
om relationen mellan propositionen (sakforhallandet) att Sokrates &r en
ménniska som inte dr fornuftig och propositionen (sakforhallandet) att alla
ménniskor dr fornuftiga, ndmligen att den forra inte &r konsistent med den
senare. Propositionen (sakforhallandet) att alla ménniskor ar fornuftiga djur
tycks strikt implicera (medfdra) propositionen (sakforhallandet) att Sokrates
ar ett fornuftigt djur. Lewis infor vissa dyadiska satsoperatorer som gor det
mdjligt att tala om konsistens, inkonsistens och strikt implikation direkt i ett
objektsprak. Jag har i tidigare arbeten beskrivit en méngd aletisk-deontiska
system (Ronnedal (2012), (2012b), (2015), (2015b), (2015¢c)). I den hér
uppsatsen visar jag hur man i dessa system kan definiera tre dyadiska
satsoperatorer som kan anvdndas for att sdga att tva propositioner
(sakforhéllanden) ar konsistenta eller inkonsistenta eller att en proposition
(ett sakforhéllande) strikt implicerar (medfor) en (annan) proposition (ett
(annat) sakforhallande). En dyadisk satsoperator &r en satsoperator som tar
tvéa satser som argument och ger en sats som vérde. Jag askadliggdér hur man
med hjilp av dessa definitioner kan hérleda en méngd semantiska tablaregler.
Dessutom bevisar jag flera intressanta teorem som innehéller uttrycken
“konsistens”, “inkonsistens” och ”strikt implikation”."

Uppsatsen ar indelad i fem avsnitt. Avsnitt 2 handlar om syntax. I Avsnitt
3 beskriver jag den semantik som dr gemensam for alla system som beskrivs i
den hér artikeln. Avsnitt 4 handlar om bevisteori. Jag gér igenom ett antal
hirledda tablaregler och ger prov pé hur dessa kan anvindas i olika bevis.
Avsnitt 5 innehéller en mingd intressanta teorem som involverar uttrycken

LRI T

“konsistent”, “inkonsistent” och “’strikt implikation”.

' For mer information om aletisk modallogik, se t.ex. Chellas (1980), Blackburn m.fl. (2001),
Blackburn, van Benthem & Wolter (red.) (2007), Fitting & Mendelsohn (1998), Gabbay (1976),
Gabbay & Guenthner (2001), Kracht (1999), Garson (2006), Girle (2000), Lewis & Langford
(1932), Popkorn (1994), Segerberg (1971), och Zeman (1973). Gabbay m.fl. (2013), Hilpinen
(1971), (1981), Rénnedal (2010) (2012b), och Aqvist (1987), (2002), innehaller mer information
om deontisk logik. Se ocksa Anderson (1956), (1958), (1959), (1967), Gabbay m.fl. (2003).
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2. Syntax

Jag anvinder i grund och botten samma syntax som i Ronnedal (2015b). Den
enda skillnaden ar att jag introducerar ett antal nya definitioner i den hir
uppsatsen. Vart sprak L bestar av foljande alfabet och satser.

2.1. Alfabet
En méngd satsbokstéver p, q, 1, S, p1, 415 I15 S1> P2, Q25 [2, S2, - - -
De satslogiska konnektiven — (negation), A (konjunktion),
v (disjunktion), > (materiell implikation) och = (materiell ekvivalens).
De modala operatorerna [, <, och <-.
De deontiska operatorerna O, P och F.
Parenteser ) och (.

2.2. Satser
Spréket L bestar av alla satser (vdlformade formler) som genereras fran
foljande villkor.
Varje satsbokstav &r en (atomar) sats.
Om A och B ir satser, sé dr (A A B), (A v B), (A>B) och (A=B)
satser.
Om B ér en sats, sa ar ocksa —B, (0B, ©B, <©B, OB, PB, och FB
satser.
Ingenting annat 4r en sats.

2.3 Definitioner

8B =df —||:|B, (A O B) =df <>(A/\B), (A@B) =df —|(A O B) (CHCI' —|<>(A/\B)
eller &-(AAB)), (A=B) =4+ 0(A>B), (A& B) = (A=B)A(B=A)) (eller
(OA>B) AO(B o A)) eller O(A =B)), KA =4 (PA AP=A), NA =4 —KA
(eller OAVO—-A).

A, B, C, D... representerar godtyckliga satser i spréket (inte
nodvindigtvis atomira). De satslogiska konnektiven ar vilkénda fran
satslogiken. Parenteser runt vélformade formler uteldmnas i regel om ingen
mangtydighet uppstar. Ovriga satser i spraket lises pa foljande sitt:

OB: Det ar nddvindigt att B.

OB: Det ar mojligt att B.

<B: Det dr omojligt att B.

OB: Det bor vara fallet (4r obligatoriskt) att B.
PB: Det ar tillatet (far vara fallet) att B.
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FB: Det ar forbjudet (fel) att B.

HB: Det ér inte nodvéndigt (onddvéndigt) att B.
KA: Det ar frivilligt att A.

NA: Det &r inte frivilligt att A.

A OB: A ir konsistent (forenlig) med B.

A©SB: A ir inkonsistent (oforenlig) med B.
A=B: A implicerar strikt (medfor) B.

A& B: A ir strikt ekvivalent med B.

Notera att (1, &, <, &, O, P, F, K och N dr monadiska satsoperatorer som tar
en sats som argument och ger en sats som virde, medan O, ©, =, och & ér
dyadiska satsoperatorer som tar tva satser som argument och ger en sats som
virde. Vi kan tolka detta som att de monadiska operatorerna tillskriver olika
propositioner (sakforhallanden) olika modala eller deontiska egenskaper,
medan de dyadiska operatorerna uttrycker modala relationer mellan
propositioner (sakforhallanden). Vi kommer senare att se att A O B &r logiskt
ekvivalent med BO A, att A© B ir logiskt ekvivalent med B A, och att A
< B ir logiskt ekvivalent med B< A. ”A OB” kan dérfor ocksé ldsas ”A och
B ér konsistenta (forenliga) (med varandra)”’, ”A © B” ”A och B ir
inkonsistenta (oforenliga) (med varandra)”, och A < B” ”A och B ar strikt
ekvivalenta (med varandra)”.

3. Semantik
Jag anvéinder samma semantik i den hér uppsatsen som i Ronnedal (2015b).
Alla grundldggande begrepp definieras pd samma sitt: ramar, modeller,
giltighet, satisfierbarhet, logisk foljd m.m. Sanningsvillkoren for de
grundldggande satserna dr desamma. Lat ’—y,  B” std for att B 4r sann i
den mojliga virlden w i modellen M. “omm” &r en forkortning av "om och
endast om”. D4 kan vi hérleda f6ljande sanningsvillkor for de nya definierade
satserna som innehéller dyadiska operatorer:
[—n, w A OB omm for minst en mdjlig véirld w” € W sadan att Rww’:
—n, v A 0ch —, - B.
[—n, w A©S B omm for alla mojliga virldar w” € W sadana att Rww’:
"— M, w —A eller "_M, w’ —B.
[—n, w A= B omm f6r alla mojliga vérldar w’ € W sadana att Rww’:
inte [F—w, w A eller F—y, w B.
[—m, w A< B omm for alla mojliga varldar w” € W sédana att Rww’:
v, v A omm —y, - B.
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3.1. Villkor pa ramar och klasser av ramar och deras logik

Jag anvénder exakt samma villkor p4 ramar som i Ronnedal (2015b), och
dessa ramar kan klassificeras pa samma sitt som i tidigare arbeten. Genom att
infora olika villkor p& vara ramar kan vi dven, som vanligt, definiera en
méngd logiska system. Se Ronnedal (2015b) for mer information om detta.

4. Bevisteori
Jag anvinder samma bimodala aletisk-deontiska tabldsystem i den hér
uppsatsen som i Ronnedal (2015b). For att underldtta bevisen av vissa
hirledda regler och for att forenkla olika tablabevis skall vi emellertid dven
inkludera den s.k. CUT regeln i alla vara system. For mer information om
denna regel, se t.ex. Ronnedal (2009), (2012b). CUT regeln ar redundant i
alla system som beskrivs i Ronnedal (2015b) i den meningen att vi inte kan
bevisa ndgra nya teorem i dessa system med hjélp av denna regel.
Grundldggande begrepp, sdsom trdd, semantisk tabld, gren, dppen och
sluten gren, teorem, bevis, hédrledning osv. definieras pa vanligt sétt, se t.ex.
Rénnedal (2012b), s. 131, eller Priest (2008).”

4.1. Tablaregler

Jag anvénder exakt samma satslogiska, och grundliggande modala och
deontiska regler, samt samma modala och deontiska tillgdnglighetsregler i
den hir uppsatsen som i Ronnedal (2015b). I det hir avsnittet skall jag
emellertid introducera en méngd hérledda regler som kan anvindas for att
forenkla olika bevis och hérledningar i vara system. Bevisen for att alla dessa
regler faktiskt dr hérledbara i véra system ldmnas till ldsaren. Alla satser som
kan bevisas med hjdlp av dessa regler, kan ockséa bevisas utan dem. De ar
likvél vérdefulla eftersom de kan anvéndas for att forenkla olika bevis och
hérledningar i véra olika system. De flesta regler vi tar upp &r hérledbara i
alla aletisk-deontiska tablasystem. Men ndgra &r endast hédrledbara om
systemet innehéller vissa tillgdnglighetsregler. Reglerna i Tabell 7 &r t.ex.
endast hirledbara om systemet innchaller regeln T-MO (se Ronnedal
(2015b)).

% For mer information om den s k. tablametoden, se t.ex. Beth (1955) och Beth (1959), ss. 186—
201, 267-293, och 444-463, Gentzen (1935) och Gentzen (1935b), D’Agostino et al. (1999),
Fitting & Mendelsohn (1998), Garson (2006), Jeffrey (1967), Priest (2008), Ronnedal (2012),
(2012b) och Smullyan (1968).

103



Daniel Ronnedal

4.1.1. Nya tablaregler

©) ©) (=09 (©)
AOB,i A©SB,i —(AOB), i AOB,i
\) irj irj \?
irj YN YN O(AAB), i
A,j —-A,j —B,]j —-A,j —B,]j
B,j
(=0) (=9) (=) (=0°0)
—(AOB),i —(A©B),i —(A©B),i —(AOB), i
\2 \ \ N2
A©SB,i AOB,i irj —CO(AAB), 1
A, ]
B,j
Tabell 1
(©n) ©0) (-o0) ©n)
AOB, i AOB,i —~(AOB), i AOB,i
\) \) irj
irj —O(AAB), i O—(AAB),i \?
AAB,j —(AAB),]
(=0 (=9<) =) (=)
—(AOB),1 —(A©B),1 A©B,i —(A©B),1
irj ) \) J
\) O(AAB), 1 O-(AAB), 1 irj
—(AAB),j AnB,j
Tabell 2
=) =0) =) (=9)
A=B,i A=B,1 A=B,1 A=B,1
irj \? it \?
¢N O(ADB), i \ <(AA—B), i
-A,j B,j ADB,j
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(==) (==0) (== (==9)
J \? \? \?
it —O(A>B), i irj O—(ADB), 1
_|B,_]
Tabell 3
(=) (=0) (<)
ASB,i ASB,i AoB,i
\) \ irj
A=B,i O(A=B), i N
B=A,i Aj —A,j
B,; —B,j
==) (==0) (==
—(A<B),i —(A=B),i —(A=B),i
N ) )
—(A=B),1 =«(B=>A), i —0O(A=B), i irj
N
A’j _‘Aaj
—B,j B,j
Tabell 4
(e0) (=) (&2)
AsB,1 AsB,1 AsB,1
\) irj irj
O(A>B), i1 J J
OB>2A), i A=B,j ADB,j
BoA,j
Ce0) ) o)
—(A=B),i —-(A=B),i —(A=B),i
N J d
—-0O(A>B), i —-0OB>A), i irj irj
—(A=B),j N
—(A>B),j =(BDA),j
Tabell 5
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O=) (©=) =) Ee)
AsB,i ASB,i ASB,i ASB,i
OA, i OA L <SA L BA,i
\) \? \? \?
0B, i OB, i <B, i BB, i
(=0 (=) (%) (=B
AsB,i ASB,i ASB,i ASB,i
0B, i OB, i <B, i BB, i
\) \? \? \?
OA, i OAL <SA L BA,i
Tabell 6
(O=) (P=) Fe) (=0=)
A B, i ASB,i ASB,i ASB,i
OA, i PA,i FA,i —0A, i
\) \? \? \?
OB, i PB, i FB, i —0B, i
(<0) (eP) (eF) (=—-0)
AsB,i AsB,1 AsB,1 AsB,1
OB, i PB,i FB, i —0OB, i
\) J J J
OA, i PA, i FA, i —0A, i
Tabell 7

4.2. Tablasystem

Ett tablasystem &r en méngd tablaregler. Detta begrepp definieras i den héar
uppsatsen pa samma sitt som i Ronnedal (2015b). Alla regler i Tabell 1-6
ovan ir hirledbara i alla s.k. aletisk-deontiska system, givet att vi adderar
definitionerna i Avsnitt 2.3 (och CUT regeln). Reglerna i Tabell 7 é&r
hérledbara i alla system som innehdller tabliregeln T-MO (Ronnedal
(2015b)). Vi skall nu se nidrmare pd hur dessa regler kan anvindas for att
bevisa en méngd intressanta teorem.
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4.3. Exempel pa teorem
Det hir avsnittet innehdller ndgra teorem 1 olika aletisk-deontiska
tablasystem. Bevisen &r ofta relativt enkla och i de flesta fall utelimnade. Jag
skall emellertid gé& igenom négra exempel for att belysa metoden. Vért forsta
(meta)teorem handlar om de formella egenskaperna hos de modala
relationerna konsistens, inkonsistens, strikt implikation och strikt ekvivalens.
(Meta)Teorem 1. (i) O ar varken reflexiv eller irreflexiv. Dvs. det ar inte
fallet att A O A for alla A, och det dr inte fallet att —(A O A) for alla A;
varken A O A eller —(A O A) ér teorem. Med andra ord, det &r inte fallet att
varje pastdende dr konsistent med sig sjdlvt, och det ar inte fallet att varje
pastaende &r inkonsistent med sig sjalvt. (i) O dr symmetrisk, dvs. (AOB)>
(B O A) giller for alla A och B, (AOB)>(BOA) ér ett teorem. Om A &r
konsistent med B, sa dr B konsistent med A. Fran detta foljer det att (AOB)=
(BO A) ar ett teorem. (iii) O dr varken transitiv eller intransitiv. Det ar inte
fallet att (AOB)A(BOC))>(AOC) for alla A, B och C; (AOB)A(BOCQ))
S(AOC) dr inte ett teorem; och det dr inte fallet att (AOB)A(BOC))o>—=(A
OC) for alla A, B och C; (AOB)A(BOC))>—(AOC) ir inte ett teorem.
Med andra ord, det dr inte sant att om A &r forenlig med B och B é&r forenlig
med C, s& dr A forenlig med C, for alla A, B och C; och det &r inte sant att
om A é&r forenlig med B och B ér forenlig med C, s ér det inte fallet att A &r
forenlig med C, for alla A, B och C. (iv) © ar varken reflexiv eller irreflexiv.
Dyvs. det ar inte fallet att A© A for alla A, och det dr inte fallet att —-(A© A)
for alla A. Varken AS A eller -(A© A) ér teorem. (v) © ar symmetrisk, dvs.
(A©B)>(B©A) giller for alla A och B, (A©B)>(B©A) ér ett teorem. Om
A &r inkonsistent med B, s& &r B inkonsistent med A. Fran detta foljer det att
(A©B)=(B©A) ar ett teorem. (vi) © ar varken transitiv eller intransitiv. Det
ar inte fallet att (A©B)A(B©C))>(ASC) for alla A, B och C; (ASB)A
(B&C))o(A©C) ir inte ett teorem; och det ar inte fallet att (A©B)A(BS
C)>—(A©C) for alla A, B och C; (ASB)A(B©C))>—-(ASC) ar inte ett
teorem. (vii) = é&r reflexiv, och transitiv. Dvs. A= A, géller for alla A, A=
A ir ett teorem; och (A= B)A(B=C))>(A=C) giller for alla A, B och C,
(A=>B)A(B=C)) (A= C) ir ett teorem. Varje sats implicerar strikt
(medfor) sig sjdlv, och om A strikt implicerar (medfér) B och B strikt
implicerar (medfor) C, s& giller det att A strikt implicerar (medfor) C. (viii)
= dr varken symmetrisk eller asymmetrisk. Dvs. det ar inte fallet att (A = B)
>(B=A) for alla A och B, (A= B)>(B=A) ir inte ett teorem; och det &r
inte fallet att (A= B)>—=(B=A) for alla A och B, (A= B)>—=(B=>A) ir
inte ett teorem. Med andra ord, det 4r inte sant att om A strikt implicerar B, s&
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giéller det att B strikt implicerar A, for alla A och B; och det &r inte sant att
om A strikt implicerar B, sa géller det att B inte strikt implicerar A, for alla A
och B. (ix) & ir en ekvivalensrelation, dvs. < ir reflexiv, symmetrisk och
transitiv. F6ljande satser &r teorem (A< A), (A& B)>(B& A), och (A=
B)A(B& () (A= (), dir A, B, och C kan bytas ut mot vilka satser som
helst. Fran detta foljer det att (A < B) = (B & A). Varje sats ar strikt
ekvivalent med sig sjdlv; om A ir strikt ekvivalent med B, s& ar B strikt
ekvivalent med A; och om A é&r strikt ekvivalent med B och B ér strikt
ekvivalent med C, sé &r A strikt ekvivalent med C. ((i)—(ix) géller t.ex. i alla
system som beskrivs i Ronnedal (2015b).)

Bevis. Lamnas till lasaren.

Vart nidsta (meta)teorem visar att “alla” modala begrepp (i den hédr
uppsatsen) i princip ar interdefinierbara, definierbara i termer av varandra.

(Meta)Teorem 2. Alla de modala operatorerna (I, &, <, 8, O, ©, och =
ar interdefinierbara. Detta innebér att det i princip dr mojligt att konstruera ett
sprak som innehéller endast en av dessa operatorer som primitivt begrepp,
och att alla andra modala operatorer definieras i termer av denna primitiva
operator. Mer exakt, detta teorem innebér att (i) alla satser i Tabell 8 och 9,
samt i fotnot 3, kan bevisas i alla véra aletisk-deontiska system. (ii) L&t T
vara en sats 1 Tabell 8 eller 9 och 14t T” vara exakt likadan som T férutom att
= har bytts ut mot <. Da &r T’ ett teorem i alla véra aletisk-deontiska system.

Bevis. Nagra av satserna i Tabell 8 och nagra av satserna i Tabell 9 &r
sanna per definition i det sprék som vi anvéinder i den hér uppsatsen, t.ex. (A
© B) =—(A O B). Andra satser behdver bevisas. Det kan vi gora genom att
forst Oversitta satserna till primitiv notation och sedan skapa slutna tablaer
for deras negationer. Men vi kan ocksa bevisa dessa satser med hjilp av de
hirledda reglerna i Avsnitt 4.1.1.

Konsistens Inkonsistens Strikt implikation
OA=(AOA) OA=—(A©A) OA=—(A=—-A)
<$A=—(AOA) SA=(ASA) SA=(A=-A)
OA=—(—AO—-A) OA=(-A©-A) OA=(—A=A)

HA=(-AO0—A)
(ASB)=—(AOB)
(A=B)=—(AO—B)
(A= B)=(~(AO—B)
A—(BO—A))

HA=—(-AS-A)
(AOB)=—(ASB)
(A=B)=(A©-B)
(A= B)=((A©—B)
A(BO—A))

(AOB)=—(A=>—B)
(ASB)=(A=—B)
(A= B)=((A=B)
A(B=A))

Tabell 8
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Lat mig gé igenom ett exempel. OA =(A O A) dr per definition ekvivalent
med CA=(AAA). S4, for att bevisa OA=(A O A) racker det med att vi
skapar en sluten tabla for -(CA=<(AAA)). Jag skall emellertid bevisa G A
=(A OA) med hjilp av ndgra hirledda regler.

(1) =(CA=(A0A)), 0
4 N

2) OA, 01, =] (3) =OA, 01, =]
(4) =(AOA), 0 [1, ~¢>] (5) AOA, 0[1, =]
(6) ASA, 0 [4, —O] (7) O-A, 03, =<1
(8) orl [2, O] (9) 0r1 [5, O]
(10) A, 1[2, O] (1) A, 1[5, O]
¢ N (12) A, 1[5, O]

(13)-A, 1[6,8,©] (14)—A, 1[6,8,©]  (15)=A, 1[7,9, 0]
(16) * [10, 13] (17) *[10, 14] (18) * [12, 15]

Alla grenar i detta trdd ar slutna. Alltsd dr den ovanstaende tablan ett bevis
for OA=(A O A). Intuitivt innebér detta att antagandet att CA=(A O A) &r
falsk leder till en motsigelse, varfor GA =(A O A) maste vara sann. Ovriga
satser bevisas pa liknande sitt.

Nodvéndighet Mgjlighet Omojlighet
OA=—0-A SA=—-CA OA=—CA
SA=00-A OA=—-0—A OA=<—A
(AOB)=-0O—-(AAB) |(AOB)=0(AAB) (AOB)=—<(AAB)
(A©B)=0-(AAB) (A©B)=—C(AAB) (A©B)=<(AAB)
(A=B)=0(A>B) (A=>B)=—0—-(A>B) |(A=B)=%—-(ADB)
(A B)=0(A=B) (A©B)=—=<C—(A=B) | (A©B)=%—-(A=B)
Tabell 9°

Dessa resultat fortjdnar nadgra kommentarer. Kolumn 1 i Tabell § visar hur
uttrycken “det 4r mojligt att”, ”det ar omojlig att”, ’det dr nddviandig att”, och
”det &r inte nddviandigt att” kan definieras i termer av konsistens. Kolumn 2 i
Tabell 8 visar hur dessa uttryck kan definieras i termer av inkonsistens, och
kolumn 3 visar hur de kan definieras i termer av strikt implikation. Vidare

3 Motsvarande “definitioner” i termer av & ser ut pa foljande sitt: A = -8A; CA=H-A;
SA=—E-A; (AOB) =E~(AAB); (A©B)=—E—(AAB); (A= B)=—E(A>B); (A< B)=
—H(A=B).
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kan vi se hur ”inkonsistens”, “’strikt implikation” och ’strikt ekvivalens” kan
definieras i termer av “konsistens” (kolumn 1 i Tabell 8). Vi kan se hur
“konsistens”, “strikt implikation” och ”strikt ekvivalens” kan definieras i
termer av “’inkonsistens” (kolumn 2 i Tabell 8) osv. Om A O A, sé skall vi
sdga att A ar “sjilvkonsistent”, och om A© A att A ir "sjélvinkonsistent”.
Om A = —A, skall vi séga att A dr ”sjdlvmotsigande”. Satserna i tabellerna
visar pd ndgra intressanta samband mellan véra grundliggande modala
begrepp. Foljande ekvivalenser giller t.ex. i alla system:

(1) A ar motséigelsefri (A sdger inte emot sig sjdlv) omm det inte ir fallet
att A implicerar (medfor) sin egen negation (dvs. det ar inte fallet att A
medfor inte-A) omm A dr sjdlvkonsistent (dvs. A &r konsistent med sig sjélv)
omm A ir konsistent med A omm A &r mojlig (dvs. det dr mdjligt att A).
Pastaendet att A dr mojlig kan alltsd uttryckas pé flera ekvivalenta sétt, t.ex.
”Det dr mojligt att A”, ”A ar mojlig”, ”A é&r sjalvkonsistent”, ”A &r
motsdgelsefri”, A sdger inte emot sig sjdlv”, ”A implicerar inte sin egen
negation”, ”Det dr inte fallet att A medfor inte-A”.

(ii) A ar sjdlvmotségande (dvs. A séger emot sig sjdlv) omm A implicerar
(medfor) sin egen negation (dvs. A medfor inte-A) omm A &r sjilv-
inkonsistent (dvs. A &r inkonsistent med sig sjdlv) omm A &r inkonsistent
med A omm A dr omodjlig (dvs. det &r omojligt att A). Tanken att A &r
omdjlig kan saledes uttryckas pa flera ekvivalenta sitt, t.ex. "Det &r omojligt
att A”, A dr omdjlig”, ”A &r sjdlvinkonsistent”, A dr motsédgelsefull”, ”A
sdger emot sig sjdlv”, ”A implicerar sin egen negation”, ”A medfor inte-A”.

(ii1) Det &r nodvéndigt att A omm inte-A &r sjdlvinkonsistent (dvs. inte-A
ar inkonsistent med sig sjdlv) omm inte-A &r inkonsistent med inte-A omm
negationen av A dr sjdlvmotsidgande (dvs. inte-A sdger emot sig sjdlv) omm
negationen av A implicerar (medfor) A (dvs. inte-A medfor A).
Propositionen att A ar nddvindig kan alltsd uttryckas pa flera olika
ekvivalenta sitt, t.ex. ”Det dr nodvandigt att A”, ”A dr nédvéandig”, ”A maste
vara fallet”, ”inte-A &ar sjadlvmotsigande”, “inte-A sdger emot sig sjalv”,
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”inte-A implicerar sin egen negation”, “inte-A implicerar A”. Osv.

C I Lewis teorem

I Kapitel VI i Lewis & Langford (1932) bevisar Lewis en méngd intressanta
teorem som innehéller symboler som representerar konsistens, mojlighet och
strikt implikation. Lewis anvdnder en axiomatisk metod. Han utgar ifran en
mingd postulat och slutledningsregler och bevisar med hjidlp av dessa sina
satser. I Appendix II i samma bok beskriver han en midngd modallogiska
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system. Hans framstillning av dessa modallogiska system &r i ménga
avseenden banbrytande. I (Meta)Teorem 3 nedan demonstrerar vi att alla de
postulat och teorem som kan uttryckas i vart sprak L och som Lewis bevisar i
Kapitel VI i Lewis & Langford (1932) ocksé kan bevisas i vara tablasystem.
De flesta teorem kan bevisas i alla system, men vissa deduktioner kraver
tillgang till tablaregeln T-aT (se Ronnedal (2015b)).

I min framstéllning av Lewis teorem kommer jag att anvénda foljande
forkortningar. Jag anvdnder en punkt ”.” for konjunktion, stéllet for “A”.
Konjunktioner av formen (A .(B.C)) eller ((A.B).C) forkortas (A.B.C) osv.
”Disjunktioner” forkortas pad samma sitt. A & B < C < D... osv. ér en
sammanfattning av foljande teorem: A < B och B < C och C < D... osv.
Fran detta foljer det ocksd att A& C,A=D,B&A,BoD, CoA Ce
B... osv. Framstillningen av teoremen liknar ddrmed Lewis, d&ven om jag
anvinder en ndgot annan notation.

(Meta)Teorem 3. Lat T vara ett axiom (postulat) eller ett teorem i Kapitel
VI i Lewis och Langford (1932) som kan uttryckas i vart sprak L. Lat S vara
nagot av véra tabldsystem som innehaller tablaregeln T-aT. D4 &ar T ett
teorem i S. Notera dock att manga, men inte alla, av Lewis satser kan bevisas
utan T-aT.

Bevis. Teoremet kan bevisas genom att for varje sats A i Tabellerna 10—
14 skapa en sluten tabla for —A. Bevisen lamnas till lasaren.

(pva)e—(=p.—q); (p=9e=—-C@.—q); PP (p=9)-.(9=p));
(P-9=(q.p); (p-9)=p; p=(/P.p); (p-9).1)=(p.(q.1); p=——D;
(r=9).(@=0)=@=1); (- (P=9)=>9q; p=p; p=p; P P=>(q=Dp);
(peq).(@en)=@en; (p.q)<(q.p); (p-9=4q; (—p=9) = (—q=p);
——p=p; p&——p; (<p=9)=(—q=p); (-p=>—9)=(q=D);
(p=-9=(@q=-p); (p=9=(—q=-p); (p=q) <= (=-q=—p);
(r=>—-9 = (@=-p); (p-9 .= (P-(q.1)=(q.(p.1)<((q.p).1) ete. etc.;
(p-9=ne((q.—1)=-p)=((p.-—1)=>—9q); (p-9)=1)=((p-—1) =—q);
(p-9=1=((q.—1)=-p); p=(p-p); =p=—(p-q); =q=—(p.q);
((@=n).p=q9)=@=1); (p=9)-((q.0=93)=((p.1)=53);
(pr=9).(@=1).c=38)=(p=3); (p- = =>—(p=9); (p=>9) =>—(p-—q);
(p-9)=>—=(p=-q); (p=—9)=—(p.q); p=—(p=-p); (pP=—p)=—p;
(=p=p)=p; =p=—(=p=p); =(p-—p); (PvPY=(qVvp); (pvq < (qvp);
p=(@Vva;q=(vq); (pvp)=p; p=@EVvp); (pv(qvn)=((pvq) vr);
(pv@vn)e((pvgvne(qv(pvr) e ((qvp)vr) ete. etc.; pv—p

Tabell 10. Grundlaggande axiom (postulat) och teorem
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(P29 = —=(p-—q); (p=q) = (p>29)-(q2p); (p=9P=(p>q);
=(p2>9)=(p.-—q); (P29 = (=pVvq); (p-9) = —(=pVv—q); (pVp)Op;
a>(pvq); (pva)>(qvp); (pv(qvr))=(qv(pvD); (pv(qvr)>(qv(pvi));
(p-9=ne(P=(@>d1)=(@=>P>o1); (@2=((pvq)>(pVI);
(@>0)>2((pva)>(pv); (p-(P29)=¢q; (p29).(q>1)=(p>1);
(p>9)-(q>1)>(p>1); ((g21).(p2@) = (p21); ((q>1).(p2q))D(p>1);
(r-(P2)>q; (P29 (=q>—p); (p>9) = (=q>—p); (p>9) >(—q>—p);
p=(q>p); p2(q>p); =p=(p>9q); =p>(p>q); p= (—p>p);

=p& (p>—p); ~(p29)=(p>—q); =(p29)2(p>—q); ~(p>—q) = (p>q);
=(p>—-q9)>(p>q); ~(p>q9)=(q2p); ~(P29)>(q>p); ~(P>q)=(—p>q);
=(p>9)>(=p>q); —=(p>q)=(q>—p); ~(p>9) >(q>—p);
=(p>9)=(—p>—q); ~(p>9) >(=p>—q); (>4 V(p>—q);

((p-9) >0 (p2(qo1)= (g2 (p20); ((p-q)21) = (p>(q>1));
(P2(q21)=((p-@)>1); ((p-q)21)>(p>2(q>1)); (p2(q21)>((p-q)>1);
(P29)=((q>1)>(p>1)); (p29)>((q>r)>(p>1));
(@>0=((p29)>(p>1)); (q21)>(p2q)>(p>1));
((p-g9)2n<((p-—1)>—q) < ((q-—1)>=p); (p>9)-((q.1)>8))=((p.1)>s);
(P=9).(q.1)28)>((p.1)>5)

Tabell 11. Teorem som innehaller materiell implikation

(r=9=>p.N=(q.0); (p29=(p.1N>(q.1); (p=>9=>((pvD)=(qVD));
(P29 =((pvr)>(qvD); (p=9).(p=1)={P=(q.1); (p-(P29)=(p-9);
(P-(P29)=(@-9; (p-9=@.—(p.—q); p=>DP=(P=({P-9);

== (pve=9;p=(pva).p); (p=1).(q=1)=((pva=1);
(rP=@.0))=(p=9.(p=0); (pve=1=(p=1).(q=1);
(p=1).(q=9)=p.9=(1.9)); (p=1).(q=9)=>((pv=(rvs));
(r=9.(p=1)=p=(qvD)); (p-q)Vv(p.1)=(p.(qVD));
(p-(@vr)=((p.9Vv(p.0); (p.(qvr)=((p.q9 V(p.1);
(pv(@.0)=((pva).(pv); (po(q.0)) = (p2q) . (po1));
((p=1).(q20)=((pva)=1); (Pvg)21)=((p>1).(q>1));

(P2 v(p21)=(p2(qvD); (p21)v(gDr) = ((p-q)D1);
(p21).(q28)=((p.-9)=(r.8)); (p=21).(q28)=((pv gD (rvs))

Tabell 12. Fler teorem som innehaller strikt implikation
Tabell 10 innehéller ett antal axiom (postulat) och grundldggande teorem som

Lewis bevisar med hjélp av dessa. I vara system é&r alla satser i Tabell 10
teorem, inklusive Lewis axiom. Tabell 11 rymmer en mingd teorem som
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innehéller materiell implikation. Lewis tar bl.a. upp dessa for att belysa
likheter och skillnader mellan materiell och strikt implikation.

I Tabell 13 ndmns ett antal teorem som innehaller symboler som
representerar konsistens och mgjlighet, nimligen O respektive <. Lewis
introducerar inga sérskilda symboler for “nddvindighet” och “omdjlighet”,
men papekar att "—<O—A” kan ldsas ”A dr ndodvindig” ("Det dr nodvéindigt
att A”) och >—=<CA” ”A dr omojlig” ("Det dr omojligt att A”).

(POPe—(p=—9); (pOg e (=(p=—9).—~(q=—p)); (p.9=(POq);
(P=9)—(pO—q); ~(pO—p); (POP=(qO0p); (POQP=(qOp);
(Pr=9)-(pO1)=(qO1); (p=9)-~(qO1))=—(pO1);
(p=1).(9q=9).(pOQ)=(1Os); (p=1).(q=5).=(rOs)) ==(pOq);
(P-9OnNe((q.NOp)=((p-NOQ & (pO(q.1)=(qO((p- 1)< (rO(p.
Q);

(=(pOr1).~(qO—1))==(pOq); (p=-1).(q=1))=>—(pOq);
(r=9)-(pr=—9)=—=(pOp); (1=9)-(POp))=(qOq);
(Pr=9)-=(q0q)==(pOp); (pOp).-~(qOq)=>—=(p=9);
(P=9-POp)=>POQ; (P=9.—(pOq)=>—(pOp);
((POp).=(pOQ)=>—(p=9); (POp).(p=9)=>—(p=—9);
(POp)=—((p=9.(p=—9); POP)=((pPOYPV(PO—q); p=(pOp);
=(pOp)=-p; (PO(qvr)=((pO g Vv (pOr));

(PO V(PON)=(O(qVv));

Cpe(pOp)e—(p=—p); ~Cpe—(pOp)= (p=—p);
C=p&(=pO—p)=—(—p=p); =O-p—=(-pO—p)=(—p=D);
r=9<(p.—9=—(p-—q9)=—((p-—9) O (p.-—q));

S ((P-9O0@-9)=POge=—-(p=—9q);

0.9 =((p-90(p-9)=—(pOg < (p=—q);
Cp-q-0<=((p-q.1)0(p-q.0)=((p-9 O < ((q.1)Op) = ((p-1) OQ) ete.
S =((p.9=>-1nNe—((q.1=-p)=—=((p.1)=>—q);
Op.q.r.5...)=(PO(Q.1.5...))=(qO0(p.r.s...))=((p.-q) Ofr.s...)), etc. &
—(q.r.s...2—=p)=—(p.r.s...=—q), etc.

p=Op; = Op=—p; =O=p=p; = O—p= Cp; —p= O—p; =Op= O—p;
(P=9).=09)==Cp; (p=9) - Cp)=<g; (p=9)- O—q) = O—p;
(r=9).=C=p)==C-q; (p-9)=1).(p-—q)=1)=(p=71);
(=C=p.((p-9)=1)=(q=71); (p=>9) & —=C=(p2q); =< (p-—p);
=O=(pv=p); p=((p- PV (p-—9); (p-9V(p.-—q)=p;
pe@-(@v—9)<(p.-9Vv(p.—9)

Tabell 13. Konsistens och de modala funktionerna
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O(p.q)=COp; Cp=C(pvq); =(pOP)=—(pOq); (pOQY=(pOp);
Cp-)=<qg; (.= (Cp-<q); C(p-q.1...) = (Cp.<q.Cr..L);
=0p=-0(p.9); =-0q==0(p.q); (=Opv =0 ==0(p.q);
(=0=pv=0-9)=—=C=(pvq); O—p=>C=(p-q); O—=q= O—(p.q);
(C=pvO—q)= C=(p.q); =O—(p.q)=—=C—p; 2O=(p.q) = —C—q;
=O=(p. )= (=0O=p.=O=q); =O(pvg) = —Op; =O(pvq)=—=Cg;
=0V =(=Cp.=0q); Cp=C(pve); Cq=C(pva);
(CpvOq=C(pv); =O—p=—=C=(pv); = O=q=—C=(pva);
(PO(q-0N)=(POQq); (pO(q.1)=(pOr); (pO(q.1)=(qO1);
(PO(Q-nN)=((POq).(pO1); (pO(q.1)=((pOQq).(pOr).(qO1));
(PO(Q-nN)=((POp).(qOQ).(rO1).(pOq).(pOr).(qO1));
(p=9Vvp=0)=(p=(QqVvD); (p=q V(=1 Vv(—q=1)=(p=(qV1));
(P=9)=@=(qVv1); (p=1=>@=(QqVvD); (p=1)Vv(q@=1)=(p.q9)=1);
(p=1)=>p-9)=1); (@q=1)=>((p-9)=71); (p-(9-—9)<=(q-—q);
p=(pVv(q-—9);

(P=9)=p.0=(q.10); (p=9).(p=1)=>(P=(q.1));
(P=(@.0)=(p=9.(p=1); p=(q-1))=((p=9).(p=1));
(P=9)=pv)=(qvD); (p=1).(q=1)=>((pva=1);
(pva)=1)=((p=1).(q=1); (p=1).(q=1)=((Pvy=T1);
(p=1).(q=9)=p.9)=(r.9)); (p=1).(@q=3)=((pvqa=(rvs));
(p=9)-(p=1)=(@=(qVD); (pO(qQv))=((pO gV (pOr));
(POPV(PON)=(O(qvr); (pO(qvr) & (POq Vv (pOr));
(POpP)=((POgVv(pO—q));
Cp((POPV(PO—) = (Op-qv<O(p.-—q));
—Op&(=(pOq).~(pO—q) = ((p=—-q).(P=19));
=0=p&((q=p).(-q=p)); =Cp=(p=9); =C—=p=(q=Dp);
=(p=q)= Op; ~(q=p)= C—p; (=Cp.~Cq & =C(pv);
(=0=p.=C=q) & =0=(p.q); (CpvOq) & O(pv);
(=0p.=0=p=q); (=O—p.=C=q)=(pe=q); Cp-9)=Op;
Sp=C(pvq); ~(pOp)=—(pOq)

Tabell 14. Konsistens postulat och teorem hérledbara med detta

An sa linge innehaller alla teorem jag har tagit upp endast en typ av modala
operatorer, nimligen aletiska. Aletisk-deontisk logik innehéller emellertid tva
olika typer av modala operatorer: aletiska och deontiska. Vi kan darfor i
aletisk-deontisk logik undersoka hur de olika typerna av operatorer forhaller
sig till varandra. Vi kan t.ex. underska hur olika normativa satser &r
relaterade till olika satser som uttalar sig om konsistens, inkonsistens och
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strikt implikation. Jag kommer att koncentrera mig pé tva typer av aletisk-
deontiska system, en typ som innehéller tablaregeln T-MO och en typ som
innehéller tabliregeln T-OC (Ronnedal (2015b)). Jag kommer att ndmna
nagra olika teorem som é&r bevisbara i dessa system och jag kommer att ga
igenom nagra bevis som exempel. Anledningen till att jag koncentrera mig pa
dessa typer av system &r att T-MO och T-OC é&r tva av de filosofiskt mest
intressanta reglerna. I alla tablasystem som innehaller T-OC kan vi bevisa en
form av den s.k. bor-kan tesen, som péstdr att ndgot ar obligatoriskt endast
om det dr mojligt. Och i alla system som innehaller T-MO kan vi bevisa en
form av den s.k. mal-medel principen, som hédvdar att alla nddvéindiga
konsekvenser av nadgonting som bor vara fallet bor vara fallet.

(Meta)Teorem 4. (i) Alla satser i Tabellerna 15-18 ar teorem i alla
aletisk-deontiska tablasystem som innehaller T-MO. (ii) Alla satser i
Tabellerna 19-20 4r teorem i alla aletisk-deontiska tablasystem som
innehaller T-OC.

Bevis. Jag skall ga igenom nagra exempel och ldmnar resten till 14saren.

(AAB)SC)>((OAAOB)DFC)
(OAAOB)D(((AAB)©C)oFC)
((OAAOB)A((AAB)&C))DFC
(OAA(AS(BVC(C))D(FBAFC)
OAS((AS(BVC))D(FBAFQC))
(A©(BvC))>(OAD(FBAFCQC))
(OCA((AvB)©C))o(FAAFB)
OCo(((AvB)©C)o(FAAFB))
((AvB)©C)o(OCo(FAAFB))
(A=B)AB©SC))DF(AAC)
((A=B)A(B©C))AOA)DFC
(A=C)A(B=D))>(((C&D)A0OA)DFB)
(A=C)A(B=D))>(((C©D)A0OB)>FA)
(A=>B)>(PAS(BOB))
(PAA(A=B))>(BOB)
(A=>B)>((B&©B)>FA)
(B&B)A(A=>B))>FA
(O(AvB)A(BEB))D0A
(O(AvB)A(B=—-B))>0A
(OAvOB)D(((AvB)=(C)o00)
(PAVPB)S(((AvB)=C)>PC)
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FCo(((AvB)=C)>(FAAFB))
PAS(A=(BvC(C))o>(PBVPC))
(FBAFC)D((A=>(Bv(C))DFA)
(OAAOB)D(((AAB)=(C)o00)
OAS((A=(BAC))D(OBAOQ))
PAS((A= (BAC))D(PBAPQC))
(FBVFC)D((A=>(BAC))DFA)
(O(AVB)A(A=>C)A(B=C()))o0C
(O(AVB)A((A=C)A(B=D)))>0(CvD)
(OAA((A=B)A(A=C()))>(0OBAOC)
(O(AAB)A((A=C)v(B=D)))>0(CvD)
(OAA((A=B)v(A=C()))>0(BVvC)
(O(AAB)A((A=C)A(B=D)))>(OCAOD)
(OAA((AS—-B)A(AS—-(C)))D(OBAOC)
(O(AAB)A((A©-C)A(BE&—-D)))>(OCAOD)

Tabell 15. Teorem 1 TS-MO

P(AAB)D(AOB) (A©B)DF(AAB)
((A©B)AOA)DFB ((A©B)AOB)oFA
(OAA(ASB))oFB (OBA(A©B))oFA
OA>((A©B)oFB) OBo((A©B)>FA)
(A©B)>(OADFB) (A©B)>(OBoFA)
(OAA(ASB))oFB (OBA(A©SB))oFA
OADS((A©B)oFB) OB ((A©B)DFA)
(A©B)>(OADFB) (A©B)>(OB>FA)
((A©B)AOA)DFB ((A©eB)AOB)oFA

(PAA(A©B))>—-0B (PBA(A©B))>—-0A
PAS((A©B)>—-0B) PBo((A©B)>—-0A)
(A©B)>(PA>—-0B) (A©B)>(PBo—-0A)
(A=B)>(OA>SOB) (A©—-B)>(COA>OB)
(A=B)>(PASOB) (A©—-B)o(PADOB)
(A=B)>(¥BoFA) (A©—-B)o(¥B>oFA)
(OAA(A=B))>0B (OAA(A©—-B))oOB
(A=B)>(0A>0B) (A©—-B)>(0A>0B)
OA>((A=B)>0B) OA>((A©—-B)>OB)
(PAA(A=B))oPB (PAA(A©S—-B))oPB
(A=B)>(PA>SPB) (A©—-B)>(PASPB)
PAS((A=B)>PB) PAS((A©—-B)oPB)
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(FBA(A=B))oFA (FBA(A©—B))oFA
(A=B)>(FBoFA) (A©—-B)>(FBoFA)
FBo>((A=B)>FA) FBo((A©—-B)oFA)
(PAA(A=B))><CB (PAA(A©—-B))oCB
(A=B)>(PADOB) (A©—-B)o(PADCB)
PAS((A=B)o>{$B) PA>((A©—-B)>CB)
(KAA(A=B))oPB (KAA(A©—-B))>PB
(A=B)>(KA>PB) (A©—-B)>(KA>PB)
KA>((A=B)>PB) KA>((A©—-B)>PB)
(KAA(A=B))oOB (KAA(AS—-B))>COB
(A=B)>(KA>CB) (A©—-B)o(KA>OB)
KA>((A=B)><$B) KA>((A©—-B)><$B)
(—OBA(A=B))>—-0A (—OBA(A©—-B))>—-0A

Tabell 16. Teorem 1 TS-MO

Vi borjar med ett enkelt bevis av satsen (A©B)DF(A AB), som sdger att om
A &r inkonsistent med B, sa &r det forbjudet att A och B. Vi bevisar denna
sats genom att skapa en sluten semantisk tablé for negationen av denna sats.

(A©B)D>F(AAB)
(1) =((A©B)D>F(AAB)), 0
2) A©B,0[1, —o]
(3) =F(AAB),0[1, =]
(4) P(AAB), 0 [3, —F]

(5) 0s1 [4, P]

(6) AAB, 1[4, P]
(7) A, 16, A]
®)B, 1[6, A

(9) Orl [5, T-MO]
v N

(10) =A, 1[2,9, €] (11)=B,1[2,9,©]
(12) *[7, 10] (13) *[8, 11]

Alla grenar i tabldn ovan &r stingda. Alltsa &r hela tablan stingd. I steg (9)
har vi anvént tablaregeln T-MO. Detta dr den enda tillgdnglighetsregel vi har
nyttjat. Det foljer att (A © B)>F(A AB) ér ett teorem i varje T-MO system.
Eftersom system av detta slag dr sunda med avseende pa klassen av alla
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ramar i vilka den deontiska tillgénglighetsrelationen &r inkluderad i den
aletiska tillgdnglighetsrelationen (Rénnedal (2015b)), foljer det att (A©SB)>
F(A AB) ér giltig i klassen av alla ramar av detta slag.

((A©B)AOA)DFB

—(((A©B)AOA)DFB), 0
(A©B)AOA, 0
—FB, 0
A©SB,0
0A,0
PB, 0
0s1
B, 1
Al
Orl
4 N
—A, 1 —B, 1

* *

((AVvB)©C)>(0Co(FAAFB))

—~((AvB)©C)>(OC(FAAFB))), 0

(AvB)&C, 0
—(OC>(FAAFB)), 0
0C, 0
—(FAAFB), 0
v N
—FA, 0 —FB, 0
PA, 0 PB, 0
Os1 Os1
Al B, 1
C 1 C 1
Orl Orl
4 N 4 N
—|(A\/B), 1 —|C, 1 —|(AVB), 1 —|C, 1
—A, 1 * —A, 1 *
—B, 1 —B, 1
% %

118



Konsistens, Inkonsistens och Strikt Implikation i Aletisk-Deontisk Logik

Ovanstaende tva semantiska tablaer bevisar att (A©B)AOA)>FB och (Av
B)© C) o> (OC > (FA AFB)) dr teorem i alla system som innehaller T-MO.
Béda dessa satser dr darfor ocksa giltiga i klassen av alla ramar som uppfyller
det semantiska villkoret C-MO (se Ronnedal (2015b)). Enligt ((A©B)AOA)
DFB sa giller det att om A &r inkonsistent med B och det dr obligatoriskt att
A, sa ar det forbjudet att B. Det innebér att FB foljer ur (A©B) och OA i alla
T-MO system. Antag att det dr obligatoriskt att alla betalar skatt och att
propositionen att alla betalar skatt &r oférenlig med propositionen att du inte
betalar skatt. D4 foljer det att det dr forbjudet att du inte betalar skatt. ((Av B)
©C)>(0OCo(FAAFB)) séger att om A eller B &r inkonsistent med C och det
ar obligatoriskt att C, s& ar det forbjudet att A och forbjudet att B.
Lat oss bevisa ytterligare ett par teorem.

(A= C)A(B=D))>((CED)SF(AAB))

—((A=>C)A(B=D))>((C&D)>F(AAB))), 0
(A=C)A(B=D), 0
—((C©D)>F(AAB)), 0
A=C,0
B=D,0
CeD,0
—F(AAB), 0
P(AAB), 0
0s1
AAB, 1
Al
B, 1
Orl
¢ N
—A, 1 G 1
* 4 N

Ovanstdende tabla &r sluten. Alltsé utgdr den ett bevis for satsen (A= C) A
(B=D))o>((C&D)>F(AAB))i alla system som innehéller T-MO. (A=
C)A(B=>D))o>((CeD)>F(AAB))” lases ”Om A strikt implicerar C och B
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strikt implicerar D, s& géller det att om C ir inkonsistent med D s &r det
forbjudet att A och B”.

(A=C)A(B=D))>((COD)AOA)SFB)

—((A=>C)A(B=D))>(((C&D)A0OA)DFB)), 0
(A=C)A(B=D), 0
—(((C&D)A0OA)DFB), 0
(CSD)AOA, 0
—FB, 0
CeD,0
OA, 0
PB, 0
A=C,0
B=D,0
0s1
B, 1
Al
Orl
¢\

-A1 G

Satsen (A= C)A(B=D))> (((C©D)A0OA)>FB)” lases: "Om A strikt
implicerar C och B strikt implicerar D, sa géller det att om C ir inkonsistent
med D och det dr obligatoriskt att A sa ar det forbjudet att B”.

(©BA(A=B))oFA (B A(A©S —-B))oFA
(A=B)= (B >FA) (A©—-B)= (¥B>FA)
<B>((A=B)>FA) <B > ((A©—-B)>FA)
(B A(A=B))DNA (B A(A=B))DNA
(A=B)>(¥B>NA) (A=B)>(¥B>NA)
<B > ((A=B)>NA) <B > ((A=B)>NA)
(PAA(A=B))= (B OB) (PAA(A©S—-B))>(BOB)
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(A= B)= (PA> (B O B)) (A ©—B)> (PA S (B O B))
PA 5 (A = B) 5 (B O B)) PA S (A © —B) > (B O B))
(BE B) A (A= B))= FA (B©S B) A (A ©—B)) > FA
(A= B)= ((B©B)>FA) (A © —B) > ((B© B)>FA)
(B© B)> ((A = B) > FA) (B© B) > ((A©—B) > FA)

Tabell 17. Teorem 1 TS-MO

(—A=A)>0A
PAS(AOA)
(PAA(A=B))>(AOB)
P(AAB)© (A= —-B)
P(AAB)© (A©B)
(A=>B)A(A=-B))oFA
(PAAAB)AB=C)>(AOC)
((OAAPB)A((AAB)=C))oPC
PAS(A=>BAC)>BOQO))
(PAA(A=B)A(A=C)>(BOO
PAS((A=B)AA=>C)>(BOQO)
PAA(A=B)AB=C)D(A0C)
(A O A(A=B)A(B=C))oFA
(B OA(A=BA(A=C))>FA
(A=B)ArA=C)>(BoC) oFA)
PAA(AS-BAr(AS-C) S BSO)
(PAAAB)A(A=>C)A(B=D))>(COD)
PAAB) D ((A=C)A(B=D))o(COD))
(A=CAB=D)o(P(AAB)D(COD))
PAAB)A(A=C)AB=D))o(CeD)
(CeD)A(A=C)A(B=D))>FAAB)
CeD)o>((A=C)AB=D))oF(AAB))
(A=0AB=D)o>(CeD)oFAAB))

Tabell 18. Teorem i TS-MO

0A = OA SA = —0A
—(0A O ©A) OA ©SA
OA > (A O A) (A© A)>—0A
OA > —(A = —A) (A = —A)>—0A
OA = (A O A) (A© A) = —0A

0A = —(A = —A) (A= —A) = —0A
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OA = PA OA = —FA
—(0OA O 0-A) OA S 0-A
—(FA O F-A) FA S F-A
—(OA O FA) OA ©FA
—-(OA O (A©SA)) OAS(ACA)
—(O(A v B) O (FA A FB)) O(A v B)© (FA AFB)
—(O(A v B) O (®A A<B)) O(A v B)© (KA A<$B)
(OAA(A=B))o(BOB) (B&B)A(A=B))>—-0A
(A=B)>(OA>(B OB) (A=B)>((B©B)>—-0A)
OA>((A=B)>(B OB)) (B©B)> ((A= B)>—-0A)
OAAB)D(AOB) (A©B)>—-0(A AB)
—((A© B) O O(A AB)) (A©B)© O(A AB)
(OAAOB)>(AOB) (FA AFB) o (—A O —=B)
(A©B)©S (0OA A OB) (—A© —-B)© (FA AFB)
(A©B) > (P-AvP-B) (—A © —-B) o (PA v PB)
(A© —-B)> (0OA > OB) (A=B)>(0OA>CB)
(OAA(AS—-B))>CB (OAA(A=B))o¢CB
OA > ((A© —-B)> $OB) OA> ((A=B)> CB)
(A © —-B) > (OA > PB) (A=B)>(OA>PB)
(OAA(A©S—-B))oPB (OAA(A=B))oPB
OA o ((A© —-B)>PB) OA > ((A= B)>PB)
(A © —-B)> (A o PB) (A=B)>(JA > PB)
(DA A(A©—-B)) o PB (OAA(A=B))oPB
0OA o ((A© —-B) o PB) 0OA o ((A=B)>PB)
(A© —-B)> (FB>-OA) (A=B)>(FB>-OA)
(FBA(A© —-B))>-0OA (FBA(A=B))>-OA
FB > ((A© —-B)>—-0A) FB o ((A = B) o =[JA)
(A© —-B)> (¥B>—-0A) (A=B)>(<¥B>-0A)
(B A(A© —B))>-0A (B A (A= B))>—-0A
<B > ((A©—-B)>-0A) <B 2> ((A=B)>—-0A)

Tabell 19. Teorem 1 TS-OC

(A = B) > (FB > —0A)

(FB A (A = B)) 5 —0A
—~(O(A Vv B) A (A€ A) A (BSB)))
—(O(A A B) A (A © B))
—(O(A AB) A (A = —B))
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(OAAA=BAC)>BOCOC)
(O(AAB)AB=C)>(BOC)

A= BAC)>(OADBOCQ))
OAD>((A=BAC)Y>BOCO))
OAA(A=>B)A(A=C)D>BOC)
(FCA(AD>B)=C)>(AO-B)

OAD (A —-(BAC)Y>BOO)
OAA(Ae—-B)AAS©-(C)D>(BOC)
(OAAB)A((A=>C)A(B=D))>(COD)
((OAVvOB)A((AvB)=C))oPC

(FC A ((AvB)= (C)) o (—0OA A—-0B))
(OAA(A=(BvVv(C))>(PBVPO)
(FBAFC)A (A= (Bv())>-0A
((OAAOB)A((AAB)=C))oPC

(FC A ((A AB)=C)) o(—OA v -0B)

(FC A ((AAB)=C)) o(P-A v P-B)
(OAA(A= (B AC))>(PBAPQC)
(FBVFC)A (A= (B AC))>-0A

((=PB v -PC) A (A = (B A ())) > -0A
OAVBIA(A=>COAB=C))>PC
(O(AVvB)A((A=C)A(B= D)) o(PCvPD)
(OAA((A=B)A(A=0C))o(PBAPC)
(O(AAB)A((A=>C)v (B= D)) o(PCvPD)
(OAA((A=B)v(A=0C)o(PBVPC)
(O(AAB)A((A=C)A(B= D)) o(PCAPD)
OAVBIA(A=>0O0OAB=0)>CC
OAVBIA(A=>C A(B=D))o>(Cv D)
OAA(A=B)A(A=0) D (CBA SO
OAABIA(A=>C)v(B=D))o(Cv D)
OAA(A=B)Vv(A=0) o (CBVv OO
OAABIA(A=O0OAB=D)o(KCASCD)

Tabell 20. Teorem 1 TS-OC

Vi har ovan gatt igenom nagra exempel pa bevis i system som innehaller
regeln T-MO. Jag skall nu ta upp ndgra exempel pa bevis av nagra satser i
aletisk-deontiska system som innehéller tablaregeln T-OC. Lat oss borja med
ett relativ enkelt bevis av satsen (OA AOB)> (A OB). Enligt (OAAOB)>(A
O B) sé giller det att om det &r obligatoriskt att A och det &r obligatoriskt att
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B, sa dr A konsistent med B (s& dr A och B konsistenta/férenliga). Enligt
“kontrapositionen” till detta teorem s& giller det att om A och B inte &r
forenliga, sa &r det inte bade obligatoriskt att A och obligatoriskt att B.

(OAAOB)D(AOB)

(1) =«((OAAOB)>(AOB)), 0
(2) OAAOB, 0 [1, —o]
(3) «(AOB), 0[1, -]
(4) OA, 0 [2, A]
(5) 0B, 02, A]
(6) ASB, 0[3,-0]
(7) 0s1 [T-OC]
(8) Orl [T-OC]
9) A, 1[4,7, 0]
(10)B, 1[5, 7, O]
v N
(11)=A, 1[6, 8, ©] (12) =B, 1 [6, 8, ©]
(13) * 9, 11] (14) * [10, 12]

Ovanstdende tabla ar sluten. Alltsa utgor den ett bevis for (OAAOB)> (A O
B) i alla system som innehéller T-OC. Eftersom alla T-OC system ar giltiga i
klassen av alla ramar dér varje mojlig véirld kan se atminstone ndgon mdjlig
virld bade aletiskt och deontiskt, 4r denna sats giltig i klassen av alla vérldar
som uppfyller detta villkor.

Principen (OA A OB) o (A O B) utesluter forekomsten av genuina
moraliska dilemman. Ett moraliskt dilemma &r en situation dir det ar
obligatoriskt att A och det dr obligatoriskt att B samtidigt som A och B ir
oforenliga. Hér foljer ett exempel. Antag att du har lovat din vén att hjilpa
henne att flytta. D& bor du hjilpa henne att flytta. Antag vidare att din dotter
blir svart sjuk samma dag som du har lovat din vén att flytta. D4 bor du kdra
din dotter till sjukhuset. Men du hinner inte bade hjélpa din vén och kdra din
dotter till sjukhuset. Propositionen att du hjélper din vén &r oférenlig med
propositionen att du kor din dotter till sjukhuset. Lat p sta for "Du hjilper din
vin att flytta” och q for ”Du kor din dotter till sjukhuset”. Da tycks foljande
satser vara sanna i vart exempel: Op, Oq, —(p O q). Men om alla dessa satser
ar sanna, s& kan inte (OA A OB) > (A O B) vara giltig. (OAAOB)> (A OB)
utesluter darfér moraliska dilemman av detta slag. Om det verkligen ar
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omdjligt bade att hjélpa din vén flytta och kora din dotter till sjukhuset, si ar
det inte bade obligatoriskt att hjélpa din vén flytta och obligatoriskt att kora
din dotter till sjukhuset. Det tycks bara som om alla satserna Op, Oq, —(p O
q) ar sanna. I vart fall forefaller det t.ex. vara sa att du har en prima facie plikt
att hjilpa din vén flytta och att du har en prima facie plikt att kdra din dotter
till sjukhuset, men att plikten att kora din dotter till sjukhuset viger tyngre &n
plikten att hjilpa din vén att flytta. Darfor har du ingen allt taget i beaktande
plikt att hjilpa din vén att flytta. Ddremot bor du om mojligt meddela henne
att du har fatt forhinder och kanske bor du forsdka gottgora henne i efterhand.
(For mer information om moraliska dilemman, se t.ex. Ronnedal (2012b).)
Lét oss gé igenom ytterligare ett par exempel pa teorem.

(OAA((A=B)A(A=C))>(BOC)

(1) =«((OAA((A=B)A(A=C))>(BOC)), 0
(2) OAA((A=B)A(A=C)), 0 [1, =]
(3) =(BOC), 0 [1, —>]

(4) OA, 0 [2, A]

(5) (A= B)A(A=C), 0 [2, A]

(6) A=B, 0[5, A]

(1) A=C, 0[5, A]

(8) B&C, 03, —0]

(9) 0s1 [T-OC]

(10) Orl [T-OC]

(1) A, 1[4,9,0]

(12) ASB, 1[6, 10, =']

(13) ASC, 1[7, 10, =']
(14)B, 1 [11, 12, MP]

(15)C, 1 [11, 13, MP]

v N

(16) =B, 1 [8, 10, ©] (17) =C, 1 [8, 10, ©]
(18) * [14, 16] (19) *[15, 17]

Ovanstdende semantiska tabld &r sluten. Alltsé utgor den ett bevis for satsen
(OAA((A=>B)A(A=C))>(B OC) i varje tablasystem som innehaller
regeln T-OC. ”(OA A (A=B)A (A= C))) (B O C)” lises "Om det ar
obligatoriskt att A och A strikt implicerar B och A strikt implicerar C, s& dr B
och C konsistenta”. Fran detta foljer det att om B och C inte ar konsistenta
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och A implicerar (medfor) bdde B och C, s &r det inte obligatoriskt att A. S4,
i ndgon mening kan man sdga att d&ven denna sats utesluter en viss form av
moraliska dilemman. Vi skall avsluta med att bevisa ytterligare en sats som ar
ett teorem i varje T-OC system, ndmligen (O(AAB)A(A=C)A(B=D)))>
(COD). Enligt denna formel géller det att om det 4r obligatoriskt att A och B
och A implicerar C och B implicerar D, sa &r C konsistent med D. Omvint
géller det att om C och D inte &r forenliga och A implicerar C och B
implicerar D, s &r det inte fallet att det &r obligatoriskt att A och B.

(O(AAB)A((A=C)A(B=D)))>(COD)

=((O(AAB)A((A=C)A(B=D)))>(COD)), 0
O(AAB),0
(A=C)A(B=D), 0
—(COD), 0
A=C,0
B=D,0
CeD,0
0s1

Med hjéilp av dessa exempel borde det vara relativt enkelt for lisaren att
bevisa dvriga teorem pa egen hand.
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